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SYNOPSIS 
OF THE 

Ph. D DISSERTATION 

ON OPTIMUM CODES AND THEIR COVERING RADII 

BY 

Madhu Sudan Garg 

Department of Mathematics, Indian Institute of Technology, 

Kanpur-208016 (India) 

A linear code C of length n, dimension k and minimum 
distance d, over the Galois field GF(q) is called an [n,k,d] 
code. If q = 2 then the code is called a binary code . In 
1%5 Solomon and Stiffler [s] proved that for given k and d, 
the minimum value of n (denoted by nq(k,d)) satisfies 

n^(k,d) > I. r % 1 s 

^ , i=o q ^ 

where fx] denotes the smallest integer ^ x. However the 
particular case q = 2 was first proved by Griesmer [5]. 

An [n (k,d),k,d] code is called an optimum code and a 
Lg (k,d),k,d] code, if it exists is called a Griesmer code . Foi 
simplicity one usually writes n(k,d) and g(k,d) for n 2 (k,d) 
and g 2 (k,d) respectively. 

Determining n (k,d) for given k,d and q is a difficult 

M 

task. In recent years many researchers like Baumert and 
McEliece [l], van Tilborg [lO], Dodunekov and Manev [/ ] and 
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many others have tried to find n(k,d) for k ^ 8. For 
q > 2 little is known about n (k,d). 

Another parameter of basic importance for a code is its 
covering radius , i.e., the weight of a maximum weight coset 
leader. Determining covering radius R(C) for a given code C 
is another difficult task. A number of lower and upper bounds 
on R(C) have been obtained by many researchers. For a survey 
of known results on the covering radius reader is referred to [2],| 

The present dissertation aims at determining (1) lower 
and upper bounds on the covering radius of an optimum code 
that are better than the other known bounds restricted to 
optimum codes (2) bounds on n(9,d) and n^(k,d)} k = 3,4. As 
an application of (l) bounds on the covering radius of a 
Simplex code over GF(q) (an open problem posed by Janwa [6]) 
and exact covering radius of many optimum codes, like MacDonald 
codes are obtained. 

The covering radius of a binary Griesmer code C satisfies 
•the Inequality 

R(C) > g(k,d) - 2^*"^. 

Examples of binary Griesmer codes for which the above bound 

is better than the best lower bound t[n,k] ( = the 

minimum covering radius of any binary Cn,k] code) [2]; are given. 

For given k,d and q , let the number *nq(k+l,d)-n^(k,d) ' 

be denoted by b (k,d). Obviously b (k,d) 2 1* However if 
3-- I — 3 
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k > 2 and d > b then it is shovm that b2(k,d) < ffl-l. The 
following three results are proved. 

Theorem 1 : The covering radius of any Cn,k,d] code C 

with n < n^Ck+l,d) satisfies R(C) < d-(n (k+l,d)-n). 

T heorem 2 : The covering radius of an optimum code C 
satisfies R(C) _< d-b (k,d), 

M 

Theorem 3 : An [n^Ckjd) ,k,d j code has covering radius 
d->b^(k,d) if and only if there exists an [nq(k+l,d),k+l,d] 
code with bq(k,d) equivalent coordinates. 

The importance of Theorem 2 is demonstrated by using it 
to (l) determine exact covering radius of many optimum codes 
and (2) show that the optimum codes with covering radius d-1 
are normal* 

In [7] Janwa has shown that for an optimum code C, 

R(C) _< d— fd/q^]. The follovi/ing theorem shows that the bound 
given by Theorem 2 is better than this bound. 

Theorem 4 ; If nq(k,d) = g^(k,d) or d j< then d-b^(k,d)< d-fd/q^ 
However if nq(k,d) = g^(k,d) + t and nq(k+l,d) = g^(k+l,d) + tj^, 

0 jC t < t, ; then d-b (k,d) < d-fd/q^l. 

Let max (r,q) denote the maximum number of r-tuples over 
GF(q) with any s of them being linearly independent. If C is 
an [n,n-r,d] code, then any d-1 columns of any parity check 
matrix for C are linearly independent. Hence max^_j^{r,q) 2 
For n > r the converse is also true. Using this concept it 
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is shown that the bound given by Theorem 2 is the best 
possible for bq(k,d^ = 1, If kq[n,d] = inax{ k:there exists 
an Ln,k,dJ code} then the following theorem explores relations 
among various parameters of a code. 

Theorem__5 : Let n^Ckjd) = n and let n-k = r . Then the 
following are equivalent 

(i) max^_j^(r,q) = n, 

(ii) kq[n,d] = k^[n+l,d] = k, 

(iii) bq(k,d) > 2, 

(iv) every [n,k,d] code has covering radius < d-2. 

Let Sj^(q) denotes the [ (q^-l)/(q-l) , k,q^”^] Simplex 
code over GF(q). It is knovm that R(Sj^(2)) = 2^*“^-!. If 
q > 2 , then almost nothing is known about R(Sj^(q)), In [6] 

Janwa has posed this as an open problem. Since Sj^(q) is an 
optimum code, it is maximal [s] and hence «l'^(q)) < q^”^-i [ 2 ]. Thi 
bound can be further improved for certain values of k and q. 

Theorem 6 ; (i) If q is even then R(S 2 (q)) = q-1. 

(ii) If q is odd then RCS^Cq)) < q-2. This bound is shown 
to be attained for q = 3 and 5. 

(iii) R(Sj^(q)) < q^“^-2, for k > 3 and q = 3 or 4. The bound 
is attained for k = q = 3. 

Let tj^(q) denotes the maximum number of (-l)*s in any 
vector of Sj^(q). A lower bound on R(Sj^(q) is given by following 


two theorems. 
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Theorem 7 : FvCSj^Cq)) 2 n-tj^(q) and 
m >_ k» 

T heorem 8 : (i) R(Sj.(3)) > 2i3lLi|_3i^=_i 

(ii) R(S,(4)) > 

(iii) R(Sj^(5)) > =-2^2 =_i 

Tilborg [9] has shown that if d > where 

t = I (-3 + Y8k+l)/2l, then n(k,d) = g(k,d). This bound 

is further improved. Let s = rd/2 1 and let Vj|^,V 2 f»v^ 

be positive integers defined inductively as follows. 

min{u-2,s+l} 

v-i is the largest integer u < k for which 2 (u-i) < sk 

i=l 

Suppose Vt,v^,...,v. 1 are defined for some j < t. Choose v. 

^2 3 -i miniu-2,s-j+2} jii 

to be the largest integer u < v- , for which 2 (u-i) ^sk - E v. 

t-1 ^ i=l i=l 

Finally let v. = sk - £ v.. 

^ i=l 


Theorem 9 : n(k,d) = g(k,d) for d > (t-l)2^”‘^-v , where 
v,-l v„-l v.-l v.“2 

V = 2 + 2 ^ +...+ 2 ^ + 2 ^ +...+ 2. 

In particular if k = 9, then the above theorem yields that 

n(9,d) = g(9,d) for d > 337. The equality is also shown to hold 

for 257 < d _< 322 by constructing certain 9-dimensional binary 


Griesmer codes. However the case 323 ^ d ^ 336 remains unsolved. 

A table of bounds on n(9,d) for d _< 256 is formed using 
known results. Bounds are further improved by constructing certaii 
binary 9-dimensional codes and by showing nonexistence of certain 
binary linear codes. The results are summarized by following four 


theorems . 
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Theorem, 1.0; n(9,66) < 145, n(9,68) < 149, n(9,70) < 153, 
n(9,72) ^ 156, n(9,80) < 172, n(9,86) < 184 and n(9,88) < 187. 
Theorem 11: If 3 < i < k-4 and k > 9 then n(k,2^"^) > g(k,2^”^)+3. 
Theorem 12 . Binary [53,9,24], [101,10,48], [116,9,56], [125,10,60] 
[l96,9,96], [228,9,112] and [354,9,176] codes do not exist • 
Theorem 13 : Let d = 2'^-^-2"', k > 10, m > 0. Then 
n (k,d) > g (k,d) + 3. 

If q > 2 then much less is known about n (k,d). Dodunekov [3] 

M 

has generalized some of the results on binary codes to codes over 
GF(q). Using his results the following theorem is proved. 


Theorem 14: 


n. (3,d) = 


"0 ^( 3, d) , if d ^ 7,8 
g4(3,d)+l , if d = 7,8 


Let q = p®, m = ts and let n* = (p”^-l)/(p^-l). If 
{ o^l»“2» • * »°’t ^ is any basis for GF(p’®) over GF(p®) and if 
Pl,p2»**’»Pt rows of a generator matrix for S.j.(p®), 

then the linear mapping f from GF(p’®) into GF(p^)^ satisfying 
f(oc^) = is an isomorphism. Moreover if C is any [n,k,d] code 
over GFCp’'^) then mapping each codeword (xj_,X 2, • . . ,Xj.^) to 
( f (xji ) ,f (x^) , . . . ,f (x^)) one gets an [n(p’^-l)/(p®-l),tk, (p® )^“^d] 
code over GF(p ). This observation is used to prove the 
following results. 

Theorem 15; If k > 4 and de{4^‘’^-l, 4*^"^, 2.4^"^-5, 
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2.4 -4, 3.4 -5, 3.4 ^ -4} then n^Ckjd) > g^(k,d). 

Iheorem 16 : If d 6 { 3,4,7,8,15,16,43,44 } or 25 < d < 32 

then n^(4,d) > 94(4,6). 

Iheorem 17 : n4(4,d) = 94(4,6) for 45 < d < 64, 93 < d < 96, 

105 < d < 128, 141 < d < 144, 157 < d < 160, 173 < d < 192, 

201 < d < 208 and d 2 213. 

Theorem 18 : n4(4,4d) < 5gj,^(2,d). 
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CHAPTER I 


INTRODUCTION 

An [n,k,d] code is a linear code over the Galois field 
GF(q) v;ith q elements (q = , for some prime p and for some 

positive integer m) of length n, dimension k and minimum 
distance d. For given k and d the minimal value of n for 
which an [n,k,d] code exists is denoted by n (k,d) and an 
[nq(k,d), k, d] code is called an optimum code . In 1965 
Solomon and Stiffler [4l] showed that 

n^(k,d) > 2 r ^ 1 = g„(k,d). 

^ i=o q ^ 

However the particular case q = 2 was first proved by 
Griesmer [22]. The bound g^(k,d) is usually called the 
Griesmer bound and a [g^(k,d), k, d] code, if it exists is 
called a Griesmer code . 

Determining n (k,d) for given k,d and q is a difficult 

M 

task. In recent years many researchers like Baumert and 
McEliece [ 2 ] ,van Tilborg[-43],Dodunekov and Manev [I 6 ] and many 
others have tried to find n 2 (k,d) for k _< 8. For q > 2 little 
is known about n^(k,d) [12], 

Another parameter of basic importance for a code is its 
covering radius, i.e., the weight of a maximum weight coset 
leader. Determining covering radius R(C) for a given code C 



2 


is another difficult task* A number of lower and upper 
bounds on R(C) have been obtained by Cohen, Karpovsky, 

Mattson and Schatz [S], Delsarte [ll], Helleseth, Kl^ve and 
ivlykkeltveit [25], Janwa [32] and by many others. 

The present dissertation aims at determining (i) lower 
and upper bounds on the covering radius of an optimum code 
that are better than the other known bounds restricted to 
optimum codes (ii) bounds on n(9,d) and n^(k,d) ; k = 3,4. 

As an application of (i) bounds on the covering radius of a 
o implex code over GF(q) (an open problem posed by Janv.'a [32]) 
and exact covering radius of many optimum codes are obtained. 

The organization of the dissertation is as follovjs. 

Chapter II contains some essential known results on 
properties of optimum codes, bounds on n (k,d), residual of 
a code, covering radius and normality. Some easy consequences 
of the concept of a residual code like (i) determination of an 
upper bound on the minimum distance of certain cyclic codes 
and (ii) characterization of binary Simplex code and Reed~Muller 
code of first order are also derived. 

Lower and upper bounds on the covering radius of an 
optimum code are obtained in Chapter III. The bounds are 
shown to be better than other known bounds restricted to 
optimum codes. Exact covering radius of a subcode of index q 
of an optimum code is found and used to give a sufficient 
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condition for the normality of optimum codes. Theorems 

giving relations among different parameters of a code like 

n (k,d), covering radius, max (r,q) (the maximum number of 
Q § 

r-tuples over GF(q) such that any s of them are linearly 

independent), d [n,k] (the maximum minimum distance of any 

^ - - 

[n,k3 code) and k [n,d] (the maximum dimension of any code 

3-1 , 

of length n and minimum distance d) are also established. 

Finally the results are used to determine bounds on the 
covering radius of a Simplex code over GF(q). This was posed 
as an open problem by Janwa [32]. 

In 1980 Tilborg [42] proved that for a fixed k if 
d > [ (-3 + Y8i^)/2l2^"^ then n 2 (k,d) = g 2 (k,d). This bound 
is improved in Chapter IV which in particular shows that 
n2(9,d) = g2(9,d) for d > 337. A table of bounds on n2(9,d) 
for d _< 256, using known results is also constructed. The 
bounds are further improved by showing nonexistence of certain 
codes of dimension 9 and by constructing certain 9-dimensional 
binary codes. Some general results on the lower bound for 
n 2 (k,d) are also derived. 

Chapter V is devoted to the problem of determining n^(k,d) 
for k=3 and . Basic results of Dodunekov [l2] on n^(k,d) are used 

to determine n^{3,d) and lower bounds on n4(4,d). An 
isomorphism between codes over GF(p ) and codes over GF(p^)» 



is a positive divisor of m, is established, 
to show nonexistence of certain [g^(kfCi)# k 
for determining an upper bound for 


This relation 
, d] codes over 



CHAPTER II 


preliminaries and survey 

A field is a nonempty set F with two binary operations 
denoted by ’+’ and satisfying (i) (F,+) is an abelian 
group (ii) nonzero elements of F form an abelian group under 
and (iii) a.(b+c) = a.b + a.c for all a,b,ceF. If 
F has finite number of elements, then F is called a f inite 
f ield . Galois has shown that a finite field with q elements 
exists if and only if q = p’'’^ , for some prime p and for some 
positive integer m. Moreover a finite field with q elements is 
unique up to isomorphism and is usually denoted by GF (q ) . 

For results on finite fields we refer to [38]. Let GF (q 
denotes the set of all n-tuples over GF(q). For x,yEGF(q)^, 
weight of x (denoted by wt(x)) is the number of nonzero 
components in x and distance between x and y (denoted by 
d(x,yj) is the weight of x-y» For a subset S of GF(q)^ , 
distance between x and S (denoted by d(x,S)) is min {d(x,y):yeS 
If X = (xj^,X2» • • ,x^) and y = (yi»y2» * • then x^ is called 

the ith coordinate of x and the vector * * *^n^n^ 

(denoted by x*y) is called the intersection of x and y. 

A linear code C of length n is a subspace of GF(q)’^. 

If C has dimension k and minimum distance d then it is called 
an [n,k,d] code. Elements of a code are called codewords 
and the phrase ''the ith coordinate of C ''means the i— th 



coordinate function of C , If q = 2 then the code is 

called a binary [n,k,d] code. Any [n,k] linear code C, 

being a subspace can be described either by giving a basis 

for it or by identifying an (n-k) x n matrix H whose solution 

space is C. The matrix H is called a parity check matrix 

for C. A kxn matrix whose rows form a basis for C is called 

a generator matrix for the [n,k] code C. 

Let Gj^(q) be the matrix whose columns consist of all 

nonzero k-tuples over GF(q) with any two columns linearly 

independent. Then the solution space of Gj^(q)X = 0 is a 

[ (q^_l)/(q_l), ((q^-l)/(q-l))-k, 3] code (denoted by Hj^(q)). 

H,. (q) is called the Hamming code. On the other hand the 
xC ^ Ic 1 

code generated by the matrix Gj,(q) is a [ (q *-l)/(q~l) »L,q ] 

code (denoted by Sj^(q)). called the Simplex code. 

It is easy to see by induction that the matrix 



0 0 • • • 0 

1 

0 

1 1 ...1 

• • • 

“q-2 “q-2"‘“q-2 


Gk('l) 



• 

• 

• 

0 


• • • 

• • • 

Gk(q) 


is a generator matrix for Sj^_^j^(q), where GF(q) — {o,l,aj^,a 2 f . . » 

Ic 

jV.oreover every nonzero codeword of Sj^_j_jL(q) has weight q . 
The binary Simplex code of dimension k is denoted by Sj^. 
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The code generated by the matrix 



is called the first order binary Reed-Muller code (denoted 
^7 ( 1 > k ) ) , Note that RM(l,k) is a [2^, k+1, 2^""^] code. 

Let M be a matrix written as the juxtaposition of 
matrices A and B , that is M = [aIb]. A is denoted by 

For 1 ^ u _< k-1, the code C, . (q) generated by the 

matrix 


( 2 . 1 ) 



is called a MacDonald code [l6] . Note that ^ 

[ (q*^~q'^)/(q-l) , k, q^~^ - q^”*^] code [l2]. We usually write 

S,u C,.^(2). 

Two codes are said to be equivalent if a generator 
matrix for one can be obtained from a generator matrix for 
the other by a column permutation followed by multiplying 
some columns by nonzero elements of GF(q) • Every 

[ (q^-q^)/(q-l) , k , q^”^ - q^”^] code is equivalent to 

If x = (x^,X 2 , , y = (yi,y 2 »***»yn) ^ 

n 

then x.y = 2 x-y- (mod q) defines an inner product on 

. XX 

X=1 
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GF(q)'^. If C is an [n,k] code then C-^ = {ueGF(q)^; u.c= o, 
for all ccC} , called dual of C, is an [n,n-k] code. 

Moreover a generator matrix for C is a parity check matrix 
for C-'- and vice versa. Thus the Simplex code Sj^(q) is 
the dual of the Hamming code Hj^(q) . A code C is called 
self orthogonal or weakly self dual if C c C-^ . If 
C = C-^ then C is called self dual. 

Let , o _< i _< n ; denote the number of codewords 
of weight i in an [n,k,d] code C. Then < A^> , o _< i _< n; 
is called the weight distribution of C. Obviously = 1 
and >^ 2 . ~ ° ^ ^ ^ ^ d-1. In 1963 MacWilliams determined 

a set of equations, usually called ’MacliVilliams equations’ 
relating the weight distribution of C to the weight 
distribution of C [38]. 

Proposition 2.1 [38]. Let <Aj^> and <B^>, } 

be the weight distributions of a linear code C and its 

dual respectively. Then 

B = ICT^ S A. K^(i) , o < m < n ; 
i = o 

where = E (-1 (^1 j) ( j) = (-1 ^K^^Cn-x) , o < m ^ n ; 

j=o 

Kjj^(x) is called the Krawtchouk polynomial . 

Determining is a laborious task. The help of a 

computer is taken to compute for certain values of m,n and > 
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For given k and d the minimum value of n for which 
there exists an [n,k,d] code is denoted by n (k,d). In 

M. 

1965 Solomon and Stiff ler [41 ] have shown that 

k-1 

(2.2) n (k,d) > Z [d/q^] = g (k,d) , 

^ i=o ^ 

where [x] denotes the least integer > y- • However the 
particular case q = 2 was first proved in 1960 by 
Griesmer [22]. For simplicity one usually writes n(k,d) 
and g(k,d) for n 2 (k,d) and g^Ckjd) respectively. The lower 
bound on n (k,d) given by (2.2) is usually called the 

M 

Griesmer bound and the code [g„(k,d), k, d], if it exists 
is called a code meeting the Griesmer bound or simply a 
Griesmer code . It is easy to verify that Hamming, Simplex 
and MacDonald codes are examples of Griesmer codes. An 
[n (k,d), k, d] code is called an optimum code. 

If C is any [ (q^-l)/(q-l), k, code , then C is 

a Griesmer code and hence no coordinate of it is identically 
zero. Moreover if any two coordinates of C are equivalent 
then on applying row and column operations, if necessary 
any generator matrix for C can be put in the form 


, v<^here **s are some elements in GF(q). 
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Clerrly G' generates C ( (q^-l)/(q-l) )-2, k-1, q^“^] code. 

But such a code does not exist as g (k-l,q^~^)= ( (q^-l)/(q-l))-l. 

M 

So coordinates of C are inequivalent. This gives an independent 
proof of the following result of MacDonald (1960). 

Theorem 2.1. Any [ (q^-l)/ (q-l), k, q^""^] code is equivalent 
to Sj^(q). 

II. A. OPTIMUM CODES 

H 1,1 P U . -1 

Let s = [ 1 and let s.2 - d = 2 2 ^ , 

2^'“^ i=l 

where k > > u^ > ... > u > o. Let G, be a generator 

matrix for Sj^ and let be a k x (2 ^-1) submatrix of 

Gj^ of rank u^^ , 1 _< i _< p . If 
P 

(2.3) 2 u. < sk , 
i=l ^ “ 

then Solomon and Stiffler [4l] have shown that the matrix 

(2.4) [(Gj^lGj^l... lGj^)\(U^lU2l... lUp)] 

<— s-copies-> 

generates a binary [g(k,d), k, d] code. Further if 

(2.5) '^i+l ~ '^i”'^ for i = s,s+l, . . , p-1, UpC { 1,2 } 
and G is the matrix defined by 

(2.6) G =[(G^|G|ji...lG^)\(Uj^|U2l...|U^|U TIr)], 

<— s-copies— > 

where (i) U is a kx(2^-l) submatrix of Gj^ of rank u ; 

(ii) T is a kx(u+l) submatrix of U of rank u, v;hose 
columns add upto the zero vector ; 



11 


(ill) R as a set contains a nonzero vectox» if d 
is odd and null set otherwise; 

(iv) no column occurs more than s-times among the 
deleted columns ; 

then G generates a binary [g(k,d), k,d] code [s]. The most 
general result of this type is that of Belov [s]. 

Proposition 2*2 [3]. For given k and d let s and u^’s 

min{p,s+l} 

be as defined above. If Z u. < sk or u. ,, = u. -1 

. T 1 — 1 + 1 1 

1=1 

for i = s,s+l, . . . ,p-l and u^e {1,2} then n(k,d) = g(k,d). 

Belov [ 3 ] conjectured that for s = 1 conditions 

( 2 . 3 ) and ( 2 . 5 ) are also necessary for the existence of a 

binary [g(k,d), k, d] code. His conjecture was proved in parts 

by Logacev [36] » van Tilborg [42] and Helleseth [23] by 

k— 1 

showing that the only [g(k,d), k, d] ; d _< 2 codes that 
exist come from the constructions given by (2.4) or (2.6). 

In particular the result of Helleseth gives 

Proposition 2.3 [I 6 ]. For 2^ ^-2^ ^+3 ^ d _< 2 -2 -2 , 

1 1 ^ [(k-2)/2j, the inequality 'n(k,d) > g(k,d)' holds 
and for the other values of d _< 2^"^ , n(k,d) = g(k,d). 

As a consequence of Proposition 2.2 Tilborg [42] 
derived that for a fixed k if 

(2.7) d > [( -3 + ^/8kTT)/2l 2^"^, 

then n(k,d) = g(k,d). 
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Further for s > 1 Helleseth and van Tilborg [26] have 
constructed a new class of codes meeting the Griesmer bound 
for 2''-^+2‘'-3_15 < d < 2‘'-l + 2''-3 - 8, k > 7 . Thus above 
Stated conjecture of Belov does not hold for s > 1. In 
[ 24 ] Helleseth gave a new description of binary Griesmer codes 
that includes the earlier constructions given by Solomon and 
^tiffler [41], Belov, Logachev and Sandimirov [4] and 
Helleseth and van Tilborg [26], He also gave several new 

families of binary Griesmer codes that are not attainable by 
any of the previously known constructions. 

If C is a [g^(k,d)+t, k, d], t = 0 or 1 ; code then 
Dodunekov has shown that there exists a generator matrix 
for C in which each row has v/eight d or d+t [12], However 
for binary codes Dodunekov and Manev have proved the following 
general result 

Proposition 2.4 [I 6 ]. If C is a binary [n,k,d] code with 
n = g(k,d)+t, for some nonnegative integer t, then C has a 
generator matrix with each row having weight between d and 
d+t. 

The case t = o of Proposition 2.4 was first proved by: 
Tilborg [42]. An easy consequence of Proposition 2.4 is 
the following 

Proposition 2.5 [I 6 ], If C is a binary [g(k,d)+l, k, d] code 
with d = 2'^t, 3 < t < 2^"^"^-l, then wt(c) = o (mod 2 "^) for 
every c e C, 
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Following proposition summarizes the properties of 
a binary Griesmer code deduced by Busschbach, Gerretzen and 
van Tilborg [v], Dodunekov and Manev [lb] and van Tilborg [^ 22 » 

Proposition 2,6. Let C be [g(k,d), k, d] code. Then any 
generator matrix for C has no column repeated more than 
fd/G^ '^1 times and some column repeated exactly [d/G^ 
times. Moreover if d = 2^.t , then wt(c) = o (mod 2^) for 
all c e C. 

Determining n^(k,d) for given k and d in general is 
a difficult task. In recent years Baumert and McEliece [2j, van 
Tilborg [43 J, Dodunekov and Manev [l6] and many others have 
Vi/orked on determining n(k,d) for small values of k* If 
k ^ 4 and d any positive integer then by Proposition 2*2 
n(k,d) = g(k,d). However this is not the case for k 2 
Baumert and McEliece [2] have determined the value of n(k,d) 
for k = 5 and 6 .In fact they proved the following 

Proposition 2*7 [2]. n(k,d) = g(k,d)+l for k=5, 3^d_<6 

or k = 6, 3 i d ^ 14 or 19 ^ d ^ 20. For all other values 

of d with k = 5 or 6, n(k,d) = g(k,d). 

van Tilborg [43] calculated n(7,d) for all values of d 
and gave several values of d for which n(.7,d) = g(7,d) + 2. 

Some classes of binary codes satisfying the inequality 
'n(k,d) > g(k,d) + 2' were determined by Dodunekov and 
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]'..anev [l6]. Their results are summarized by follov;ing 
two propositions. 

Proposition 2.8 [l6]. If d < 2^ and n(k,d) 2 g(k,d)+t, 
then n(k+l,d) > g(k+l,d)+t. 

Proposition 2.9 [l6]. n(k,d) > g(k,d) +2 for the 
f ollowing values of k ahd d 


(i) 

d = 2^“^, ; 

3 < i < k-4 ; 


(ii) 

d = 3.2^“^, 3.2^“^ 

- 2 ; 4 < i < k-4 

9 

(iii) 

d = 5.2^^*’^(k > 9), 

b.2‘^"^-2(k > 10); 

5 < i < k-2 ; 

(iv) 

d = 7.2^"^(k > 7), 

7.2^"^-2 (k > 8); 

5 < i < k-1. 


They also determined bounds on n(8,d), which were 
further improved by Dodunekov, Helleseth, Manev and Ytrehus 
[l4],[l7]. In [ 27 ] Helleseth and Ytrehus showed the 
nonexistence of some binary 8-dimensional codes by first 
proving the following two propositions. 

Proposition 2.10 [27], Let C be a binary [n,k,d] code 
and let { , o < i < n ; be the weight distribution 

of . If 7 ^ o then an [n-i, k-i +1, d] code exists. 

Proposition 2.11 [27]. Let C be a binary code and let 
^1*^2^ C. If Cj^ = ( 1 , 1 » » • • > 1 > o » 0 > • • • > ® ) and 

being part of C 2 below the zero entries of Cj^, then 
wt(c2+C2) = wtCcj^) “ wt(c2) + 2wt(c2)» 

The updated detailed information of bounds on n(8,d) 
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can be obtained from the table of Verhoeff [44] on 
d 2 [n,k], 1 ^ k _< n ^ 127. 

Note that for k _< 8 there is no d > 2^’"^ for 
which n(k,d) > g(k;,d). Hov^ever this is not true for 
k 2 9 as Logachev [37] has proved that a binary 
[g(9,336),9,336] code does not exist. 

Dodunekov [l2] generalized (2.3) and (2.5) to 
codes over GF(q) and gave a set of sufficient conditions 
on k, d and q for which n^(k,d) = g^(k,d). The following 
three propositions summarize his results. 

Proposition 2.12 [l2]. Let s = rd/(q-l)q^“^l and let 

P u.-l 

s (q-Dq*^"-^ - d = I a.q ^ , k = u^^ > Uj_ > ...> u > o , 

i=o ^ 

o i i 9"^ i i < P • The optimum 

code meets the Griesmer bound if any one of the following 
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(2.12) q = 2“^ , k = 3 and d < q+2 ; 

(2.13) q odd, k = 3 and d _< q+1, except for d=q. 

"1 T i 

Proposition 2.13 [l2]. If k 2 Q 2 3 and 2q < d 2 c[ 
for o < i < k-q , then n (k,d) > g (k,d). 

M M 

Proposition 2.14 [l2]. If qjd and nq(k,d) = gq(k,d) then 

nq(k,d-a) = gq(k,d-a), for all 1 < a < q-1. Conversely if 

n (k,d-a) > g (k,d-a) , for some 1 < a < q-1 then n (k,d-b) 
q q M 

> g (k,d-b), for all 02^2 
Q 

II.B. RESIDUAL CODE 

For shovjing nonexistence of certain codes Tilborg 
introduced binary residual codes [43]. Dodunekov further 
extended it for codes over GF(q) [12] . Let C be an 
[n,k,d] code with generator matrix G and let c be the 
first row of G. Then the residual code of C with respect 
to c (denoted by res(C,c)) is the code generated by the 
restriction of G to those columns where c has a zero 
entry. If only weight w of c is relevant we usually write 
res(C,w) for res(C,c). For w < d + [w/ql, res(C,w) is 
an [n-w, k-1, d^] , d^ > d-w + [w/ql code [12]. 

The concept of a residual code is useful in many 
respects. For example : 

To show the nonexistence of certain codes : Nonexistence 
of a binary [n,k,d] code with even d implies nonexistence 


1 . 



17 


of any binary [n+2d, k+1, 2d] or [n+2d-3, k+1, 2d-2] 
code. 

2. To find an upper bound for the minimum distance of 

certain binary cyclic codes : We need the following 
proposition. 

Proposition 2.15 [38 ; p.203]. If C is a binary [n,k,d] 
cyclic code with 6-1 consecutive zeros then d ^ 6 . 

Example 2.1 Let C be the [9,7,d] binary cyclic code 
generated by g(x) = x +x+l. Then 6=2 and so 2 ^ d _< 3. 

Res(C,3) is a [bjbjd^] code. By the Griesmer bound 
1 > > d - [3/2 J ; hence d = 2. 

Example 2.2 Let C be the [l5,9,d] binary cyclic code 
generated by g(x) = x°+x +x +x +1. Then 6 =3 and so 
3 1 d ^ 5. Res(C,5) is a [lO,8,dQ] code, where 2 > > d-L5/2j, 

d _< 4 (the actual value). 

Example 2.3 Let C be the [21,12,dJ binary cyclic code 

Q 8 5 4 2 

generated by g(x) = x + x + x + x + x + x + l. Then 

6=5 and so 5 < d ^ 7 . Now res(C,7) is a [Wjlljd^] code 

with 2 > d^ > d-L7/2j *, hence d = 5. 

3. For showing uniqueness of certain binary codes 

with given weight distribution. 

First part of the following theorem has been proved 
by J.E. MacDonald (IBM J. Res. Dev., I960). However a simple 
proof is given for completeness. 
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Theorem 2.2 Let C be a binary [n = n(k,d), k, d] code. 

(i) If all nonzero vectors in C have weight d then for 
some positive integer t, C is isomorphic to t. Sj^(t-copies 
of the Simplex code (ii) If C has all one vector (denoted 

by J-) and every other nonzero vector has weight d then C 
is isomorphic to t-copies of the first order Reed-Muller 
code of dimension k (denoted by t.RM(l,k-l) ) . 

Proof. (i) d is even. For if d = 2m+l, then res(C,d) is 
an [n-d, k-1, d^], d^ 2 code. Let c^,C 2 eC. Without ^ 
loss of generality we can assume that Cj^ =(1 1 ...1 o o...o) 
and let c^ = (c^U®), where c^ is the first part of C 2 of 
length d and c° is the remaining part of length n-d. Since 
c® e res(C,d), wt(cp > m+1 and hence wt(c 2 ) < m (as wt(c 2 ) =d) 
Therefore v;t(cj^+C 2 ) = d - wtCc^) + wt(c 2 ) > 2m+2, a 
contradiction. Let d = 2m . Then res(C,d) is an 
[n-d, k-1, m] code with all nonzero vectors having weight 
m and hence m is even. Proceeding this way w'e have 

— 2^~^t for some positive integer t. From Proposition 2.2 
it is easy to see that n(k,d) = g(k,d) = t(2 -1). No 
coordinate of C could be zero and every coordinate repeats 
at most t times as rd/2^*"M = t. Further no coordinate of C 
repeats fewer than t times for otherwise n will be less 
than t (2*^-1). Hence C is isomorphic to t.Sj^. 

(ii) Let G be a generator matrix for C v^fith first row of 

let G’ be the matrix G with first row deleted. 


v;eight n and 



The code C* generated by G* is a single weight code. 

Permuting columns of G’ it may be written in the form 

^ ^k-l^^k-ll ** * 

k— 2 

where Gj^ denotes a generator matrix of Sj^. Thus d = t2 

I'.lacV.'illiams equation for gives n+(n-t2^”"^) (2^-2)+(n“2n) = o 
k— 1 

or n = t2 . Hence by definition of a first order Reed-Mulle 
code , C is isomorphic to t.RM(l»k-l). 

II.C. THE COVERING RADIUS PROBLEM 

Let C be an [n,k,d] code. Then spheres of radius 
[d-1/2] around codewords are disjoint, but they need not 
cover the whole space GF(q)'^ * The smallest integer P , 
such that spheres of radius P around codevvords cover the 
whole space is called the covering radius of the code. Vife 
will denote the covering radius of a code C by F:(C) . A 
code C is called perfect if R(C) = L(d-J)/2j and quasiperfect 
if r;(c) = l(d-i)/2j+ 1 . Many equivalent statements for 
the covering radius are known [s] . For example the covering 
radius of a code is 

(i) the weight of a maximum weight coset leader ; 

(ii) the least integer P such that any (n-k)-tuple over 
GF(q) (called Syndrome ) is a linear combination of some P 
or fewer columns of any parity check matrix of the code. 

Determining covering radius of a given code in 
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general is a difficult task. In recent years much work has 
been done on finding bounds for the covering radius of a code. 
For a survey of results on covering radius reader is referred 
to [s], [ 32 ]. Some of the results that are needed for our 
refrence, are listed below for completeness. 

If C is an [n,k,d] code and P is the least positive 
integer for which 

(2.1'^ ) Z (9) (q-1)'' > , 

i=o 

then R(C) 2 ^ • 

Proposition 2.16 [8]. Appending an overall parity check 
or the zero parity check to the generator matrix of a given 
code increases the covering radius by one ; while puncturing 
a code on p coordinates reduces the covering radius by atmost 

P- 

Let Cj_ and be codes with dimensions kj_ and k^ 

(ki > k^) and generator matrices G, and respectively. 

A code C is said to be a catenation of and C 2 if C has 
a generator matrix [Gj_1g^] , where G^ is G^ with k^^-k^ rows 
of zeros attached. The following proposition gives a lower 
bound on R(C) in terms of R(Cj^) and R(C 2 )‘ 

Proposition 2,17 [s] . If C is a catenation of two codes 
CjL and C 2 then R(C) > 8(0^^) + R(C 2 )» 
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If a binary [n,k] code C has a generator matrix 
in the form 

G = 

and if the codes generated by and are and 
respectively then Mattson [39] has proved the following 
relation between their covering radii. 

Proposition 2*18 [39]. Let C, and be as defined above 
then R(C) _< R(Cq) + R(Cj^). 

A lower bound for the covering radius of an [n,k] 
code is t [n,k] , the minimal covering radius of any [n,k] 
code. This v;as first defined by Cohen, Karpovsky, Mattson 
and bchatz [s] for q = 2. Obviously t [n,kj 2 P » where P 

M 

is given by (2.14) . In [2l] Graham and Sloane have given 
a table of bounds on t 2 [n,k] for 1 2 ^ < n < 64. 

A code is called a subcode ( supercode ) of C if 

Q C(Cj^ 9 ; C). Moreover is said to be a subcode of codimensj oi 

r of C , if there exist r distinct elements a-j^, a 2 » . • , a^e C, 

r 

s uch that C = U (a.+C-, ) >(a.+C, ) (a -+C, )=#,i 5 ^j*An 

i^l 1 i 11 j 1 

[n,k,d] code C is called maximal if there does not exist a 

proper supercode of C v^ith same n and d. A code C is 

maximal if and only if R(C) _< d~l [s]. Dodunekov [l2] has 

shown that any [n (k,d),k,d] code C is maximal and hence 

Q 

R(C) < d-1. 



(2.15) 
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Many upper bounds on the covering radius of a binary code C 
are known [8l» The best known upper bound on the covering radius of 
an [n,k,d] code C is given by Janwa [343» 

Propo6ition^2* 19 [34]* Let C be an [n^k^d] code, then 
UC) < n - £ [d/q^j = n-g (k,d) + d - [d/q^] = H (n,k,d). 

i= 1 M q 


If n 
(2.16) 


gq(k,d) , then the above 


R(C) < d - 



proposition immediately gives 


The above inequality for q = 2 was first proved by Busschbach, 
jerretzen and van Tilborg [7]. In [34] Janwa has extended the 
truth of (2.16) to any optimum code. Thus 
Proposition 2.20 [34]. If C is an [n (k,d),k,d] code then 

M 

UC) < d - [d/q^]. 
ri.D. NORMALITY OF CODES 


Graham and Sloane [21 ], while looking for binary [n,k] 

:odes with smaller covering radius, defined the concept of normality. 
This was generalized to nonbinary linear codes by Janwa [32]. 

Let C be an [n,k] code with none of the coordinate identically 
zero. Fix i e{l,2,...,n} . For a eGF(q), let 

= {xeC: ith coordinate of x is a } and let 

N^^^ = max { £ d(x,C^^^): xeGF(q)^}. 

aeGF(q) “ 

Then is called the norm of C with respect to the coordinate 

Dosition i. Let N = min . N is called the norm of C. The 

l_<i_<n 

:ode is called normal“~if N £ qR(C) + (q-1). 


With the above definition of the norm Theorems 6,11 and 12 of 
araham and Sloane [2l] are false (M.C. Bhandari and M.S, Garg, 
[EEE Trans. Inform Theory, pp. 953-954, 1990). 
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However with a modified definition of norm given by Cohen, 

)bstein and Sloane [9] these results are true. In the modified 
‘finition is defined as above and N is said to be a norm 

' the code if N 2 for at least one coordinate i* This 

‘finition is puzzling as the authors of [9] at one place say 
We deliberately do not insist that equality holds** and on the 
;her place they say * *Of course we always choose N as small as 
>ssible’’. Therefore the previous definition of the norm is better 
; one obtains the unique value of the norm for a given code. 

The hypothesis of Lemma 27 in [21 ] proved by Graham and Sloane 
‘edsto be modified (M.C. Bhandari and M.S. Garg, IEEE Trans. Inform, 
leory, pp. 653-654, 1990). Let denotes the set of all binary 
-tuples except 0 and 1 (the all zero and all one vector respectively) 
id let A? = Then the above lemma is 

:ated as follows. 

roposition 2.21 [2l]. If Aj^ and A2 satisfy 

(Aj^+Ai^)U(Aj+Ap^Aj (i=l,2), 

a.+a'^a, (i = 1,2), 

i 1 1 

1+Aj^ = A^, 

1 e A2+A^ 

len the code with parity check matrix 


^1 

aC 

Al 

0 

1 

0 

1 




as covering radius 2. 

If we take = 3, itj = » *1 = ' 1 and 

2 = ! llol,lllo,lloo,olll,olol,ollo,oloo ! , then A^ and Aj satisfy all 
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;he conditions of ^Proposition 2.20 but the vector (ooollll)'*^^ can not be 
rritten as a sum of two columns of the parity check matrix given in 
'roposition 2.20. 

However Proposition 2.20 is true if and A2 in addition satisfy 
€ ♦ 

In a recent paper Hou (IEEE Trans. Inform. Theory, pp. 683-685,1990) 
as proved the following upper bounds on the norm N of a code C 
(i) N < 2R(C) + [d/2] -1, (d > 3) (ii) N < 3R(C)-2(R>3) . 

The following theorem summarizes known sufficient conditions 
or a code to be normal [9], [31], [33]. 

roposition 2.22. Let C be an [n,k,d] code and let H(C) = 

“ nq(k,d) + d-[d/q^] . C is normal if any one of the following holds 

i) q = 2 and R(C^^^) _< R(C) + 2, for some i } 

ii) q = 2, R(C) = H(C) and d < 2^*^^ ; 

iii) q = 2, R(C) = H(C)-1 and d < 2^ ; 

iv) R(C^^^) _< R(C) +1, for some i ; 

y/; R(C) = H(C) and d i q^ . 

In [35] Kilbay and Sloane proved that any binary [n,k,d] code 

5 normal if either n ^ 14 or k ^ 5 or d SHowever the case d=5 is not 
ue (X.Hou, IEEE Trans. Inform. Theory, pp. 683-685, 1990) . They also gave 
amples of abnormal binary nonlinear codes. At present it is not known 

an abnormal binary linear code exists. 

C. E THE NUMBER max^(r,q) 

A subset S of GF(q)^ having n elements is called an 
>,s)-set if any s elements of S are linearly independent. 
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The largest value of n for which an (n,s)-set in GF(cj)^ 
exists is denoted by max (r,q) and a (max^ (r,q) ,s )-set T 
is called complete. Determination of maXg(r,q) is called 
the packing problem, first considered by Bose [6] for 
statistical interest and later (Bose 1961 ) for its connection 
with coding theory. 

Determination of max^(r,q) in general is a difficult 
problem. It is known only in some special cases. A lower 
bound on maXg(r,q) can be obtained by considering codes. 

If C is an [n,n-r,d] code then any d-1 columns of a parity 

check matrix for C are linearly independent and so 

max. -.(rjO,) > n . For n > r the converse is also true. 

For s 2 maXg(r,q) is a strictly increasing function 

of r. To see this let max„(r,q) = n. V;riting vectors of an 

s 

(n,s)-set in GF(q)^ as columns one gets an rxn matrix 
H = [xj^fX^t . • in which any s columns are linearly 

independent. Moreover any s columns of the matrix 

^1 ^2 * ’ * ^n ^ 

H* = ^ 

_0 0 ... 0 1 _ 

are also linearly independent. Hence maXg(r+l,q) > n. 

The following two propositions summarize some known results 
on maXg(r,q). 
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Proposition 2.23 [28;Ch.l4]. (i) raax 2 (r,q) = (q^-l)/(q-l), 


(ii) max^(3,q) = 


q+1 if q is odd 
q+2 if q is even 


r\ 

(iii) max2(4,q) = q+1 

(iv) If max^_j^(r-l,q) < n ^ max^_j^(r,q) then 

k Ln,d] = n-r, where k [n,d] = max ik: there exists 

4 q 

an [n,k,d] code } . 


Proposition 2.24 [20]. For given r,q and d, suppose 
max^(r+l,q) _< n , max^(r,q) < m and max^ (r-*- +l,q) < n 
where r-l = n-r-2, d-*- = n-m-1 . If n > n-*- then 
max^(r+l,q) _< n~l. 

Games [20] has found bounds on maXg(r,3) for 
r _< 15, which were further improved by Hill [29j. For a 
survey of known results till a98'^, concerning inaXg(r,q) we 

refer to Hirschfeld [30]. 



CHAPTER III 


COVERING RADIUS OF OPTIMUM CODES 
III. A. A LOWER BOUND 

Let C be a [g{k,d), k, d] binary code with d < 2^”^. 
Then columns of any generator matrix G for C are nonzero 
and distinct (Proposition 2.6). Hence C is a punctured 
binary Simplex code and so 

R(C) 2; R(Sj^) - number of columns deleted (Proposition 2.16) 

= 2^ ^ -1 -(2'^-l-g(k,d)) = g(k,d)-2^“^. 

Thus one has 

Theorem 3.1. If C is a binary [g{k,d), k, d] code with 
d < 2^"^ then R(C) > g(k,d)-2^"'^. 

The best lower bound on the covering radius 
of a binary [n,k] code is t[n,k], the minimum covering 
radius of any binary [n,k] code [s]. A table of lower and 
upper bounds for t[n,k], 1 _< k _< n ^ 64 has been given by 
Graham and Sloane [2l]. 

There are Griesmer codes for which the lower bound 
given by Theorem 3.1 is better than t[n,k], restricted to 
Griesmer codes. For example if C is a [62,6,31] once 
punctured, once shortened first order Reed-Muller code then 
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g(k,d)-2^“‘^ 

= 30, while 

23 

< t[62,6] , 

< 27. Table 3 

below 

gives 

a list of 

Griesmer codes 

for which 

g (k,d)-2^"^ 

2 t [n,k ] . 

The 

existence 

of codes given 

Table 

3.1 follows from [ 2 ] 

• 





Table 3*1 


k 

d 

n = g(k,d) 


t[n,k] 

g(k,d)-2^’'^ 

3 

4 

7 


2 

3 

4 

6 

12 


4 

4 

4 

8 

15 


5 

7 

5 

14 

28 


11 

12 

5 

16 

31 


13 

15 

6 

26 

53 


19-22 

21 

6 

28 

56 


20-24 

24 

6 

30 

60 


22-26 

28 

6 

32 

63 


23-27 

31 


III.B. AN UPPER BOUND 

Let C be an [n,k,d] code, n < n^lk+ljd) and let 
X e GF(q)'^ with d(x,C) = R(C). If R(C)> d+n+l-n^ (k+l,d) and 
if G is a generator matrix for C, then the matrix 
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generates an [n^(k+l,d)-l, k+1, d ] code. This contradicts 
the minimality of n^Ck+ljd) and the following theorem is 
proved. 

Theorem 3.2. The covering radius R(C) of any [n,k,d] code C 

with n < n (k+l,d) satisfies R(C) < d+n-n (k+l,d). 

4 — q 

For any k and d, n^(k+l,d) > n^Ckjd) ; for if 

nq(k+l,d) _< nq(k,d), then an [nq(k+l,d)-l, k, d] code can 

be obtained from an [n (k+l,d), k+1, d] code by deleting 

4 

a suitable column from its parity check matrix, a contradiction. 
The number 'n^(k+l,d)-n^(k,d) * is a useful parameter in 
determining an upper bound for the covering radius of an 
optimum code, and will be denoted by b (k,d), i.e., 

(3.1) bq(k,d) = nq(k+l,d) - n^(k,d). 

For simplicity one often writes b(k,d) for b 2 (k,d).As shown above 
b^(k,d) 2 1* The following theorem shows that the multiplicity 
of a column in any generator matrix of an [nq(k,d), k,d] code 
cannot exceed b (k-l,d). 

4 

Theorem 3.3. Let G be a generator matrix of an [nq(k,d), k,dj 
code. Then any column of G repeats atmost b^(k-l,d; times. 
Proof. If some column of G repeats b' times, b’ > bq(k-l,d), 
then using row and column operations, G can be put in the 


form 
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Clearly G* generates an [n, k-1, d] code ; n < n (k-l,d), 
a contradiction to the minimality of n^lk-l^d). 

Corollary 3.1. If b (k-l,d) = 1, then any generator matrix 

M 

of an [n (k,d), k,d] code is a submatrix of the generator 

M 

matrix of Sj^(q). 

If C is an optimum code, then Theorem 3.2 gives the 
following upper bound for its covering radius. 

Corollary 3.2. The covering radius of an [n^Ckjd), k, d] 
code C satisfies R(C) _< d-b (k,d). 

M 

A necessary and sufficient condition for equality in 
Corollary 3.2 is given by the following theorem. 

Theorem 3.4. An [n (k,d), k, d] code has covering radius 
d-b^(k,d) if and only if there exists an [n^Ck+ljd), k+1, d] 
code with b^lk^d) equivalent coordinates* 

Proof. Let C be an [n = k, d] code with covering 

radius d— b (k,d) and generator matrix G. Let x eGF(q) 
such that d(x,C) = d-bq(k,d). Then the matrix 




31 


generates an [n^(k+l,d), k+1, d] code with b (k,d) equivalent 

coordinates. Conversely if there exists an [nq(k+l,d),k+l,d] 

code C’ with b^(k,d) equivalent coordinates then by row and 

column operations a generator matrix G’ for C can be put 

in the above form. Clearly G will generate an [n (.k,d),k,d] 

code with d{x,C) 2 cJ-b (k,dj. Since C is optimum , R = d-b (k,d). 

M q 

III.B.l. APPLICATIONS 

1 . The bound given by Corollary 3.2 is attained in many 
cases : 

(1) Let C be any binary [21,5,10] code. Then b(5,10) = 2 

[2] . Since t[21,5] = 8[2l], R(C) = 8. 

(ii) Let C be any binary [l6,5,8] code and let C* 
be the [l5,5,7] once punctured code C* Since 
t[l5,5] = 5[2l] and b(5,7) = 2[2], R(C’) = 5. Hence 
by Proposition 2,16, R(C) = 6. 

2, The upper bound given by Corollary 3,2 is helpful in 
determining the covering radius of MacDonald codes. 

Theorem 3.5. (i) ; 

(ii) R(Cj^. 2) = k > 4 ; 

(iii) 2*^"^-8 < R(Cj^. 3) < 2^“^-7, k > 6. 

Proof. By Theorem 3.1, R(CJ^.^) 2 2^*-2'^-2^ ^ = 2 -2 , 

Since b(k,2^"^-l) = 1 [16] , b(k,2^"^~2) > 2 for k > 4 [16] 
and b(k,2^"^-4) > 3 for k > 6 [17; Lemma 4.2]. The 
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result follov^s from Corollary 3.2. 

Corollary 3.3. b(k,2^"^-2) = 2 and b(k,2^"^-4) < 4. 

By techniques similar to those used in Theorem 3.5 
lower and upper bounds on for any u, 1 < u < k-1 

can be found, but they are far away from each other for 
u 2 will be interesting to determine R(C. . (q)), in 

K ^ U 

general. 

3- A sufficient condition for the normality of optimum codes 

can be determined using Theorem 3.2. 

Let C be an [n = n^(k,d),k,d] code. Choose a codeword 

( Cf , C 2 » • • » Cn) of weight d and a coordinate i with Cj^ = o. 

Recall that C^^^ denotes the set of all codewords with ith 
o 

coordinate zero. Let D be the code obtained from C^^^ by 
deloting the ith coordinate, D is an [n-1, k-1, d] code, 
kioreover a parity check matrix H* for D can be obtained by 
deleting the ith column from a parity check matrix H of C. 
Since at least d-1 columns of H' are required to write the 
deleted column ; R(D) > d-1. So by Theorem 3.2 R(D) = d-1 
and hence R(Cq^^) = d (Proposition 2.16). This proves the 
following lemma. 

Lemma 3.1. Let C be an optimum code with minimum distance d, 
then there exists a coordinate i such that r(Cq^^) = d. 
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If K(C) - d-1 or d-2, then the following two results 
follow from the above lemma and Proposition 2.22 ((i),(iv)). 

Theorem 3.6. Optimum codes with covering radius d-1 are normal. 

Theorem 3.7. Binary optimum codes with covering radius d— 1 
or d-2 are normal. 

It may be observed that if n(k,d) = g(k,d) + t, 
t e { 0 , 1 } , d < 2^'^^(q > 2, n^{k,d) = g^(k,d)+t, Id/q^] = t+l) 
then Theorem 3.7 (Theorem 3.6) is a corollary to 
Proposition 2.22 (ii) and (iii) (Proposition 2.22 (v)). 

III.B.2. AN UPPER BOUND ON b(k,d) 

In [l] Adams has shown that if is any subcode 
of index two of a binary code C, then R(C) > LR(C^)/2j. 

Moreover if C is an optimum code with minimum distance d then 
by Lemma 3.1, there is a coordinate i such that r(Cq^^) = d 
and is a subcode of index two. Thus 

L I J < R(C) < d-b(k,d) 

and the following theorem is proved. 

Theorem 3.8. b(k,d) < rd/2l. 

So n(k+l,d) cannot be arbitrarily away from n(k,d). 

The above theorem can be improved further in some cases. 

Theorem 3.9. If k > 2 and d > 5, then b(k,d) £ rd/2l-l. 

Proof. Let C be a binary [n,k,d] optimum code. If d is 

odd and b(k,d) = rd/2l, then by Corollary 3.2, R(C) = L(d-l)/2j 
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and hence C is perfect. So C must be any one of the 
following three types 

(i) [2’'’^-l,2’^-m-l,3 ] : Single error-correcting Hamming code 

(ii) [ 23 , 12 , 7 ]: Golay code ; 

(iii) [n,l,n] : Repetition code. 

But C cannot be of type (i) or (iii) cS k > 2 and d > 

So C must be a [23,12,7] Golay code. But b(l2,7) = 3 [44], 
a contradiction. Since b(k,d-l) = b(k,d) for any even d, 
the assertion follows. 

A sufficient condition for a binary optimum code to be 
quasiperfect is given by the following theorem. 

Theorem 3.10. For given k and d if (i) k 1, 12 (ii) d=5 
or d 2 snd (iii) b(k,d) = [d/2 1-1, then any binary 

[n(k,d),k,d] code C has covering radius d-b(k,d) and is 
quas iperfect . 

Proof. If R(C) < d-b(k,d), then the code is perfect, a 
contradiction. Therefore R(c) = d-b(k,d) = [(d-l)/2j+l 
and code is quasiperfect. 

Since b(4,5) = b(9,5) = b(l4,5) = 2 [44] , one has 
Corollary 3.4. Binary [ll,4,5], [17,9,5] and [23,14,5] 
codes are quasiperfect. 
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III.B.3. PERFORMANCE 

The bound given by Corollary 3.2 is better than the 
best known upper bound (Proposition 2.20), 

Theorem 3,11. If nq(k,d) = g^(k,d) or d _< then 

- '^“Td/q^l. However if n (k,d) = g (k,d)+t 

Q Q 

and nq(k+l,d) = g^ (k+l,d)+tj^, o < t < t^ ; then 
d-bq(k,d) < d - [d/q^l. 

The bound given by Corollary 3.2 is best possible for 
b (k,d ) = 1. 

M 

Theorem 3,12. If b^(k,d) = 1, then there exists an 
[n = nq(k,d),k,d] code with covering radius d-1. 

Proof. Let r = n-k. Then max^_j^(r,q) > n. If max^_j_(r,q) = n, 

then max^__j^(r,q) < n+1 < max^_j^(r+l,q) . So by Proposition 2.23 

k (n+l,d] = k. Since b (k,d) = 1, n (k+l,d) = n+1 and so there 
Q M Q 

exists an [n+1, k+1, d] code over GF(q). Thus k [n+l,d] 2 k+1, 

M 

a contradiction. Therefore max^_j^(r,q) > n. Let S be a set 
of max^__j_ (r ,q) r-tuples over GF(q), such that any d-l of them 
are linearly independent and let H be an rxn matrix whose 
columns are any n elements in S. Then the code C having 
H as a parity check matrix is an [n,k,d] code over GF(q), As 
S contains more than n elements, there exists an r— tuple 
x in S which is not a linear combination of any d— 2 or fewer 
columns of H, So the covering radius R of C must be greater 
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than or equal to d-1. Since C is optimum ; R = d-1. 

By Theorems 2.1 and 3.12 one gets an alternative 
proof for the following corollary. 

Corollary 3.5. 2^""^“1. 

The bound given by Corollary 3.2 is not attained 
for b (k,d) = 3. 

Example 3.1. Let C be the [32,6,16] first order Reed-Muller 
code. Th!.n b(6,16) = 3 as n(7,16) = 35 [43]. The covering 
radius for C is 12 [5] and 12 < d-b(k,d). 

It will be interesting to determine whether the bound 
niven by Corollary 3.2 is reached for b(k,d) = 2 or not, 

III.C. THE NUMBER max fr,q) AND ITS RELATION WITH OTHER 

o 

PARAMETERS 

An (n,s)-set S of GF(q)^ can be completed if there 
exists an (max^ (r,q) ,s )-set T with Sc T* The following 
theorem shows that there are (n,s)-sets of GF(q) which 
cannot be completed. 

Theorem 3.13. Let C be an [n,k,d] code over GF(q) with 
n < max, ^ (n-k,q) and R(C) < d-2. Then the set S of columns 

Ci-i 

of any parity check matrix for C cannot be completed. 

Proof. If xe GF(q)‘'"*'\S, then x can be written as a 
linear combination of some d-2 or fewer elements of S. So 
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SU I X } is not an (n+l,d-l)-set and hence S cannot be 
c ompleted. 

A binary [15,5,7] code C with R(C) = 5[l8] satisfies 
the hypothesis of Theorem 3.13. 

A complete set need not be unique. 

Example 3.2. Let C be a [21,5,10] code. Since maXg(16,2) = 21, 
tho set S consisting of columns of any parity check matrix 
of C is complete. As there are exactly two inequivalent 
[21,5,10] codes [42], S is not unique. 

If for given k,d and q, bq(k,d) is large enough, the 
following theorem is useful in determining the value of 
max^_-[_(r,q) for certain values of r. 

Theorem 3.14. For given k,d and q, let n^(k,d) = n and let 
r = n-k. If bq(k,d) > 2 then max^^j^(r+t ,q) = n+t for 
0 < t < bq(k,d)-2 and max^_^(r+bq(k,d)-l,q) > n+bq(k,d)-l. 

Proof. Let C be an [n,k,d] code with bq(k,d) > 2. By 
appending zero columns to a generator matrix for C one 
gets [n+l,k,d],...,[n+bq(k,d)-2,k,d] codes. However 
[n 4 -l,k+l,d],...,[n+bq(k,d)-l,k+l,d] codes do not exist. 

So max^_^(r+t,q) = n+t for 0 < t < bq(k,d)-2. Since 
an [n+b^(k,d),k+l,d] code exists, max^_i(r+bq(k,d)-l,q)>n+bq(k,d). 
Relations among various parameters are explored in 


next two theorems. 
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Theorem 3.15. Let n - nq(k,d) and let n-k = r. Then the 
follov.'ing are equivalent 

(i) (r,q) = n ; 

(ii) kq[n,d] = kq[n+l,d] = k ; 

(iii) bq(k,d) > 2 ; 

(iv) every [n,k,dj code has covering radius _< d-2. 

Proof, (i) ==> (ii) Since maXg(r,q) is an strictly increasing 

function of r, max^_j^ (r-l,q) < n and max^_^ (r+l,q) > n+1. 

Applying Proposition 2.23 we get 

k„[n,d] = k [n+l,d] = k. 

M q 

(ii) ==> (iii) If b^(k,d) < 2 then bq(k,d) = 1 and hence 
there exists an [n+l,k+l,d] code over GF(q) . So 

k [n+l,d] > k+1, a contradiction. 

M 

(iii) ==> (iv) Follows by Corollary 3.2. 

(iv) ==> (i) Since n = nq(k,d), max^_j^(r,q) 2 
maXd_i(r,q) > n, let S be a (max^__j^(r,q),d-l)-set and let 
H be an rxn matrix, whose columns are any n elements from 

S. The code C having H as a parity check matrix is an [n,k,d] 
code . Since n < max^_j^(r,q), there exists xeS which is 
not a linear combination of any d-2 or fewer columns of H, 

So rv(c) 2 c5-l, a contradiction. 

Theorem 3.16. Let n,k and d be given and let n-k = r. Then 
the following are equivalent 



(i) 
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n^(k,d) = n ; 

(ii) d^[n~l,k] K. d^[njk] = d j 

(iii) k^[n-l,d] < k^[n,d] = k ; 

(iv) niax^__^(r-l,q)+l < n < max^_^(r,q). 

Proof. (i) ==> (ii) Obviously d [n,k] > d. If d [n,k] = d' > d, 

4 CJ 

then there exists an [n,k,d'] code and hence n > n (k,d’). 

Note that n (k,d+l) > n (k,d), for if n„(k,d+l) < n (k,d), 
then an [nq(k,d+l)— 1, k, d] code can be obtained from an 
[nq(k,d+l), k, d+l] code by deleting a suitable column from 
its generator matrix, a contradiction to the minimality of 
n (k,d) . Hence 

4 

n > nq(k,d‘) > nq(k,d) = n, 

a contradiction. Moreover d [n~l,k] < d, otherwise there 
exists an [n-1, k, d] code, a contradiction to the minimality 
of n (k,d). 

M 

(ii) ==> (iii) Obviously k Ln,d] > k. If k Ln,d3 > k, then 

q 9 

an [n, k+1, d] code would exist which gives an [n-1, k, d] 
code , a contradiction as d [n-l,k] < d. Again the nonexistence 

4 

of an [n-1, k, dj code implies k [n-l,dj < k. 

4 

(iii; ==> (iv) Since k [n-l,d] < k [n,d] = k, there exists 

Q 4 

an [n, k, d] code. But an [n-1, k, d] code does not exist. 
Therefore max^_j(r,q) 2 max^__jl^(r-l,q) < n-1. 



40 


(iv) > (i) n^(k,d) _< n , as there exists an [n, k, d] 
code. Since n-1 > max^_^(r-l,q), an [n-l, k, d] code does 
not exist. Hence n (k,d) = n. 

C{ 

Corollary 3#6. = k-fr ^ where r satisfies 

r“*l 1 p 

q— 1 ”1+1 ^ k _< “r ) r _> 2. 

r 

Proof. By Proposition 2.23 max 2 (r,q) = and so 

niax 2 ( r— 1 ,q ) +1 < k+r _< inax 2 (r,q) • The result follows by 
Theorem 3.16. 

Theorem 3.17. Let C be an [ n = n^CkjS), k, 3] code . 

Then 

f 1 if k = ( (q^-1)/ (q-1) ) -r for some r 
R(C) = / 

1 2 otherwise. 

Proof. If k = ( (q^-1 )/ (q-l) )-r for some r then by Corollary 3.6 
nQ(k,3) = ( (q^-l)/(q-l)). Let H be a parity check matrix for 
C. Then columns of H are nonzero and inequivalent. Hence 
C = H^(q) and so R(C) = 1. On the other hand if 

~ ^ ^ nq(k,3) = -t, t o. 

1 . , 

Since Z (^)(q~l)^ < q^"^ , by (2.14) R(C) > 2. Since C is 
i=o 

optimum , R(C) = 2. 

In [29] Hill has shown that 13 < max^(9,3) < 20 and 
14 < max^(10,3) < 21. These bounds are further improved 
by the following theorem. 
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Theorem 3.18. 14 < max^(9,3) < 19 and 15 < max^(l0,3) < 20. 

Proof. Since inaxg(ll,3) = 16 [29], there exists a [16,5,9] 
code C over GF(3). By deleting columns from a generator 
matrix of C one gets [l5,5,8] and [l4,5,7] codes over 
GF(3). Hence 15 < max^(10,3) and 14 < maXg(9,3). As 
maXg(8,3) = 11 and maXg(ll,3) = 16[29] hypothesis of 
Proposition 2.24 is satisfied and hence maxg(9,3) ^ 19. 
Similarly maxY(10,3) < 20, 

III.D. BOUNDS Qi R(Sj^(q)) 

If q > 2, then almost nothing is knovm about the 
covering radius of Sj^(q). In [32] Janwa has posed this 
as an open problem. Lower and upper bounds on R(Sj^(q)) are 
determined in the present section. 

III.D. 1. UPPER BOUNDS ON R(Sj^(q)) 

Observe that Sj^(q) is an optimum code. Hence by 
(2.15) the following upper bound for R(Sj^(q)) is obtained. 

Theorem 3.19. R(Sj^(q)) < q^*"^-!. 

The bound given by the above theorem is attained if 

q is even and k = 2. 

Theorem 3*20* If q is even then R(S 2 (q)) = q-1* 

Proof* Let q = 2^ • By Proposition 2*12^ hq(2,q) = 1# 
Hence by Theorem 3#12 there exists a [q+ly 2, qj code with 
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covering radius q- 1 . Since every [ (q^-l)/(q-l), k, 
code is Cj^(q), the assertion follows. 

The bound given by Theorem 3.19 can be improved in 
some cases. 

Theorem 3.21. If q is odd then RCS^Cq)) < q-2. 

Proof. By Proposition 2.12 n (3,q) = q+3. Thus b (2,q) = 2 

^ Q 

and the result follows using Corollary 3 . 2 . 

The bound given by Theorem 3.21 is attained. 

Example 3.3o 82 ( 5 ) is a [6,2,5] code over GF(5) with 

generator matrix 

~o 1 1 2 3 4 
1 0 1 1 1 1 

It is easy to verify that for a = (2,3,4,4,l,l) e GF (5) , 
wt{a + ^ hence RCS^CS)) = 3. 

Theorem 3.22. R(Sj^(3)) < 3^”^-2 for k > 2. 

Proof. If k 2 2 then n 2 (k+l, 3 ^ > g 2 (k+l, 3 ^ ^)+l 293 (^» 2 ^ ^)+2 

(Proposition 2.13). Thus b 2 (k, 3 ^ 2 2 and hence by 

Corollary 3.2 R(Sj^(3)) _< 3^ ^-2. 

The bound given by Theorem 3.22 is attained for 
k = 2 [ 32 ] and 3. 
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Example 3.4. R{S^{3)) = 7. 

$ 2 ( 3 ) is a [ 13 , 3 , 9 ] code over GF( 3 ) with generator matrix 

0000111112222 

oll2ooll2oll2 

lollolollloll 

For a = (1, 2, 2, 1,1, 2, 1,2, 1,2,1, 2, 2)e GF(3)^^, vvt(a+S2(3)) = 7. 
Theorem 3.23. R(Sj^(4)) _< 4^“^-.2, k > 3. 

Proof. If k > 3 then n^ (k+1,4*^"'^) 2 (k+l,4^“^)+l> g^(k,4^“^)+2 

(Theorem 5.4). So b4(k,2^“^) > 2 and hence R(Sj^(4)) < 4^”^-2. 

III.D.2. LOWER BOUND ON R(Sj^(q)) 

Let tj^(q) denote the maximum number of (-l)’s in any 
vector of Sj^(q) and let 2 denote the all one vector of 
length n = (q^-l)/(q-l) ; then wt(2 + Sj^(q)) = n-tj^(q). 

This gives the following lower bound for R(Sj^(q)). 

Theorem 3.24. R(Sj^(q)) > n-tj^(q). 

A relation between tj^(q) for m > k is 

given by the following lemma. 

Lemma 3.2. = q^”^ tj^(q)« 

Proof. Let GF(q) = { o, 1 ,a 2 ,cc 2 , . . ,a ^_2 } and let Gi^(q) be a 
generator matrix of the Simplex code Sj^(q). Then 



44 



o 

• 

« 

• 

O 

1 

1 1 ... 1 

• • • 

“q-S “q-2-"“q-2 


G{^ (q) 

0 

G,^(q) 

• • • 

1 

G|,(q) 


is a generator matrix for and tj^^.i(q) 

= max qt^(q),((q'^-l)/(q-l))+l . If tj^(q) < ((q^-^-l)/(q-l)), 

then R(Sj^(q) > n-tj^(q) > q^-^ , a contradiction. So 
qtj^(q) > (q‘^-l)/(q-l) and hence tj^+j_(q) = qtj^(q). Repeating 

this (m-k) times one gets 

ti^(q) = q'^~^\(q). 

Two equivalent Simplex codes may have different values 
■tk(q). So one needs to determine the minimal value of 
tj^(q) for given k and q to get a good lower bound on the 
covering radius. 

Suppose for given q there exists a positive integer 
and a vector a = (aj^,a 2 » . . » ,3^^) of weight n with 

wt(a + Sj^ (q)) = R(Sj^ (q)). 

^o ^o 

Then multiplying the ith coordinate of S. (q) by aT^ for 

^o ^ 

1 ^ i ^ n one gets an equivalent code S’ (q) for which 

^o 

tj* (q)» the maximum number of (~l)'s in any codeword of 
^0 

(q) » satisfies 

n-tl (q) = wt(l + S' (q)) = wt(a + S, (q)) = R(S, (q)). 

^o ^o ^o ^o 

Hence by Lemma 3o2 one has 



Theorem 3.25. Let be as defined above. Then 

H(S. (q)) > n - (q) for k > k 

K - o 

III.D.3. BOUNDS ON R(Sj^(q)) for q = 3,4 and 5 


If q = 3, then by Example 3.4, t^(3) = n-R(S 2 ( 3 )) = 6 
and hence using Theorem 3.25 one gets the following lower 
bound f 01 ' f\(Sj^(3)). 

Theorem 3.26. h(Sj^(3)) > (2.3^~^-3^“^-l)/2, for k > 3. 

If q = 2^ and there exists a vector a of weight n 
satisfying wt(a + S 2 (q)) = R(S 2 (q)) . Then by Theorems 
and 3.25 one gets 

(3.2) R(Sj^(q)) > ( (q-l)q^'"^-(q-2)q^“^-l)/(q-l), for k > 2 and 

Theorem 3.27. R(Sj^( 4)) > {3.4^’^-2.4^“^-l)/3, for k > 2 . 

Proof. Lot a = (a),w,w ,00 ,w), where GF(4) = { o,l,«,co } . 

It is easy to verify that wt(a+S2(4)) = 3 = R(S2(4)) , 

where ^ 2 ^^^ generator matrix 

r 2i 

0 1 1 CO w 

1 0 1 1 1 J . 

The result follow'S from (3.2). 

Theorem 3.28. R(Sj^( 5)) > (3.5^"^~2.5^"^-l)/4, for k > 2. 

Proof, The assertion follows easily by Example 3,3 and 


Theorem 3.25. 



CHAPTER IV 


MINIMAL LENGTH OF 9-DIMENSIONAL BINARY LINEAR CODES 

In ['■'. 2 ] Tilborg has shown that if d > [ (-3+'V8k+l)/2l2^“^ 
then n(k,d) = g(k,d) . This bound is improved in Section A 

of the present chapter. Using the construction of binary Griesmer 

codes given by Helleseth [2/^] and the above imporovement the equality 

‘n(k,d) = g(k,d)' is shown to be true for d > 258 except for 

324 < d < 336. Bounds on n(9,d) for d < 256 are obtained 

first by using knov^n results and then further improved by 

giving constructions or showing nonexistence of certain 

9— dimens ional binary linear codes. Note that if C is a binary 

[n,k,d] code with d odd then by adding an overall parity 

check one gets an [n+1, k, d+l] code. Thus n(k,d+l) ^ n(k,d)+l. 

But n(k,d+]) > n(k,d), so n(k,d) = n(k,d+l)-l. Therefore 
one only needs to consider even values of d. Throughout 
this chapter an [n,k,d] code will mean a binary linear 
[n,k,d] code. 


IV. A. n(9,d) FOR d> 256 

Tilborg [42] has shown that if d > [ (-3 + V8k+l)/2]2 
then n(k,d) = g(k,d). In next two theorems this lower bound 


is improved. As defined earlier^ let s rd/2 1 end 
P u.-l 

'2 ' ' ”P 


.k-1 


let = I 2 " ; k > > u. > ... > > o. 


i=l 
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rheorem 4,1, n(k,d) = g(k,d) for any d > (t-l)2^”^ , 

vhere t is the least positive integer satisfying (t+l)(t+2) > 2k, 

L»e*, t = f (““3 + \8k+l)/2l. 


Proof. It suffices to show that the condition given by Belov 
(Proposition 2.2) is satisfied. Let s, up and p be as defined 
above. Then s _> t and 

u. < (k-a) = (t+l)k - ^ 

i=l ir-I 

min{p,s+l} 

If p-1 < t then i: u. < pk < sk. If t ^ p-1 < s then 

1 = 1 1 


min {p, s+1 } 
Z 


0 . = _ _ 

i— 1 ■) = 1 ^ l=t+2 


t+1 

Z 

i=l 


Z u. + L u. < tk + Z (k-i)<(p-l)k < 


P 
Z 

i=t+2 


Also if p~l 2 s then 
min {p, s+I } 


s+1 


t+1 s+1 ” ■ ~ , X 

Z u. ^ Z u + Z u. < tk + Z (k-i) < sk, 

i 1 1 A. * r\ 




i=t+2 


^ * i” 1 I =t+2 

Lot t b(.' as defined in Theorem 4.1. If k 2 9 and 


t = s+1, lot v^,v^,...,v^ 
follows . 


be integers defined inductively as 

min{ 0 - 2 , s+1} 


is the largest integer u < k for which (u-i) < sk. 

Suppose V, > v^ > ... > V are defined for some j < t . Choose 

J — -X 

v^ to be the largest integer u < 

min { u- 2 ,s-j +2 } j-1 

(4.1) L (u-j) < sk - .2 V. . 

i=l ^ ^ - 1=1 


sk. 



Fina.lly let 
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(4.2) 


t-1 

= sk - Z V. . 
i=l "■ 


Observe that is the largest integer 

(i) ^t-1 ^ "^t-7 ^^t--l“^^ < sk - 


satisfying 

t-1 

I V. . So 
i=l ^ 


0 < Vf < . 

Theorem 4.2. n(k,d) = g(k,d) for d _> (t-l)2^~^ 
v,-.l v^-1 v,-2 

V = 2 +2 +...+2 +2 +...+2 ; t,V2,V2 

as defined above. 


V, where 
. ,v^ are 


Proof. If d > (t-1) 2^" ^ , then by Theorem 4.1 n(k,d) = g(k,d). 
For (t-l)2^~^-v < d < (t-l)2^"^, s = t-1 and so 

P -i ~1 k 1 VI 

I 2 ^ = s2^ -d = (t-l)2^''-^ - d < v. 


p u.-l t v.-l 

If 21 2^ 2^2^, then u- = v. for 1 < i < t and hence 

i=l i=l ^ ^ 

min { p,s+l} ^ 

r u. = E V. = sk. 

i=l ^ i=l ^ 

p u.-l t 

If Z2^ <22 , then either (i) there exist 

1=1 i=l 

p u.-l p "^^> 1 *”^ 

l<bi <br><...<b^< t-1 with 2 2^=22 or 

“12 p - 

(ii) there exist 1 _< ^ ^2 < • • • < h j S. 1“1 with 
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,1-1 p u -1 j 

<22^<E2^ 


i- i 


11 _- 


i=l 


i=l 


^ ^ ^ ^ P 3nd hence Z 


• In case (i) holds 
inin { p,s+l } 


In case (li ) holds 


i=l 


^ < sk. 

^ 1=1 


u. 


i '"b. ^ ^ i 1 and 


u 


j-l+k - % ^ V -2 and hence 

J j 


mini pj^+l} 


j-1 


min { V. .-2,s-j+2} 


I u . < Z V, + Z 

>1 ^ “ i=l fc>. 


min { p,s+l } 

I u . 

i=l ^ 

follows by Proposition 2.2. 


j 


Thuo ^n any case £ u. _< sk and hence the result 

i=l 


i.n particular if k = 9» the above theorem gives 

Corollary 4.1. n(9,d) = g(9,d) for d > 338. 

Proof. For k = 9 ; t = 3 , Vj_ = 8, V 2 = 6, v^ = 4 and 
hence v - 174 and (t-l)2^“^-v = 338. 

If d = 258 or 314 ^ d _< 322, then by Proposition 2.2, 
n('n,d) = gi^fd). On the other hand if 3o6 ^ d _< 314 then 
HeJleseth and Tilborg [26] have shown that n(9,d) = g(9,d). 
Hence the remaining cases for d > 258 are 260 ^ d < 304 and 
3 24 ^ d 1 336. 

For constructing codes meeting the Griesmer bound for 
k = 9, 260 ^ d jC 304 we need the following construction 
of an anticode given by Helleseth [24]. 
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Let C bo an [n,k] code with generator matrix G and let 

~ 1 ^ * * * ^ G. 

The code C generated by G’ is called an anticode of C [l9]. 

On the other hand if G' is any matrix and if maximum 
multiplicity of any column of it is s then 

G = [sJsJ...|s^]\g' 

< — s-copies — > 

con'’’ r a Los a code C having O’, the code generated by G ' , as 
an anticorio. V.henover G (or C) and G' (or C) are used they 
are related as above. 

P u. 

For any k > u-, >u^ > ... >’J >0» let n’ = I (2 -1) 

^ P i=l 

and let (u, , u^, . . . ,u ) be the set of all kxn * matrices 
i p 

for which the distance between any two codewords of C* is 
p u . -1 

atniost 1 ^ .If G'e‘<j(u,,u^,..,u ) and the corresponding 

i=^l -L z p 

G has rank k then Hclieseth has shown that the code generated 
by G is a Gxiesnicr code. Infact he proved the following 


Proposition 4.1 [24]. If G’ e (uj^,U 2 » • • »Up) and if G 
generates a code C of dimension k then C is a Griesmer code 


^k-l 


Ui-1 


] 


with parameters [s(2 -l) - 2 (2 -l) , k, s.2 ~ 12 

i=l 1=1 

This can be used to construct a [g (9,260), 9, 260] code. 

Q 6 u^ 

Note that g (9,260) = 524 and 2(2 -l)-g(9,260) = 498 =_2 (2 -1 


with Uj^ = 8, U 2 = 7, = 6, - 5, u^ - 4, u^ 3. For 

each u, 1 < u < 9, let 0(9, u) be the set of all u-dimensional 
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subspaco of .. F(?)^ and lot U(9,u) = {U\fO}: UeU (9 u)} 

( l ] ^ ]) * f J • 

***^6 niatricos defined by 

U^e U( 8 , 8 ), W^e U(8,4), Wj_crUj^ 
and every element in has I 

zeros at the last four positions, 

^2^0(7, 7), W 2 E U(7,4), '^ 2-^2 

and elements in W 2 have zeros 

at 2nd, 3rd and 4th positions, ; 

U 3 e U( 6 , 6 ), l'V 3 e U(6,4), W 3 c U 3 | 
and elements of W 3 have I 

zeros at the last two I 

positions, j 

r.uch that is generated by the vectors 

(o o o o 0 1 o o 1 )^^, (1 0 0 0 o 0 0 11 )^^ ,(00001111 1 )^^ , 

(o 0 o .1 o o 0 1 0 )^^ and (oooolooo 1 )^^, 

V^^^eU(9,4) such that is generated by the vectors 

(oolooolo o) (o 0 0 1 0 0 0 1 0 ) , 

(oooolooo 1 )^^ and (oloooooo o)^^ 

( 1 ) ^ f 1 ) 

and U( 9 , 3 ) such that ' is generated by the three vectors 

t. + T' 

(oooooloo 1 )^^ , (oooolool o)^ and 
(oooloolo o)^^. 

I I r <A ' ■ ‘ 

IOTi. #%e J® 1 


V 


( 1 ) 


”l 1 — 1 

0 0 ... .0 


"l 


V 


( 1 ) 


V 


( 1 ) 


(\ ) 


O 0 m m m m 0 

im1L< Mi* 4|I> ifliF «|tl' n^nji 


0 O . . . . O 
0 O . . . ,0 


w . 
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If = [vj' ^ ^ 

to check '.hut E 
more thun t'..ice. 
code Uhoi-osition 


] then it ie easy 
(^■»7,6,5,4,3) and no column occurs 

generates a [524,9,260] 

4.1). 


wn roplciCing V 
one also obtains tho 


ll) , (l) 

^ and by their respective subspaces 

following codes 


Parumuterc oi 

[52B,h,::6r] 

[531,9,264] 

[536,9,266] 

[539,9,268] 

[543,9,270] 

[546,9,272] 


G| belongs to 

4 ( 8 , 7 , 6 , 5 , 4 , 2 ) 
4 ( 8 , 7 , 6 , 5 , 4 ) 
4(8, 7, 6, 5, 3, 2) 
4 ( 8 , 7 , 6 , 5 , 3 ) 

4 ( 8 , 7 , 6 , 5 , 2 ) 

4 ( 8 , 7 , 6 , 5 ) 


Thus tho following theorem is proved. 


Theorem 4,3. If 260 _< d _< 272 then n(9,d) = g(9,d). 

(2) ('>) (2) 

Now consider the case 273 ^ d _< 288. Define V| t)y 

U^eU(8,8), VVj_eU(8,5), Wj_ C U 
’ and the vectors of have 

zeros at the last three 
positions. 


V 


( 2 ) 


1 1 1 

0 0 .... 0 

1 

5 
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-,,.( 2 ) _ 
V 2 


V 


( 2 ) 


0 0 • # • # 0 

1 1 1 

0 0 • • • • 0 

0 0 • • • <» 0 

U2\W2 

1 

<N 

1 

[o 0 ....o' 

0 0 .... 0 

0 

« 

• 

• 

• 

0 

0 

0 0 .... 0 

1 1 1 

0 

0 

• 

• 

• 

• 

0 

CO 

1 

Vi,' 

*'3 


U2e U(7,7), W2^ U(7,5), 
VV 2 ^ ^2 vectors 

of ^2 have zeros at 2nd 
and 3rd positions, 


U^e U( 6 , 6 ), ^36 U(6,5), 
W 3 C U 3 and each element 
of W' has first entry 
zero, 


tr 


v( 2 )g y( 9 ^ 4 ) such that is generated by the vectors 

(lllooooo o)^^, (0 0 O 0 O 1 1 0 o) 

(looooooo 0 )^^ and (ooolloooo) 

U( 9 , 3 ) such that is generated by the vectors 

(olooooll 1 )"*^^, (ollooolo 0 )^^ and 
(loooolol 1 )^^ 

and U( 9 , 2 ) such that is generated by the two vectors 

6 ^ j — 

(0 o 1 o 1 1 1 1 o)^^ and (1 0 o o 1 1 1 o l) 


tr 


If 


(2) I v( 2 ) 1 V^ 2 )l vi^)! v; 


] then 


r(2) 

^ ^ '2 I ''3 I ’'4 • '5 * '^6 

G^E 4 ( 8 , 7 , 6 , 4 , 3 , 2 ) and no column occurs more than twice. 

80 the code generated by the matrix = [SglS^] \G^ is 

a [552,9,274] Griesmer code. Deleting appropriate columns 

/( 2 ) 

4 

276 < d < 288. 


from vrn v(2) and one also gets Grlesmex codes for 



Similarly if are defined by 
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y( 3 } ^ 1 1 .... 1 o 0....0 Uj_e U(8,8), Wj_e U(8,6), 

V.^ ^ U^, vectors of 

have zeros at the last 
two positions. 

Cl o .... o o o....o~j U( 7 , 7 ), W2eU(7,6), 

^( 3 ) _ 1 1 .... 1 o 0. . . . o ^ Vii^ c U^, each element of 

4 * ' ' 

y y \'^2 entry zero, 

2 3 2 

U( 9 , 5 ), vectors of have zeros at the 4 th, 5 th 

6th and 7 th positions, 

U( 9 , 4 ) such that is generated by the vectors 

(llooooooo)^^, (loolllll o)"^^ t 
(ololloooo)^^ and (ooollloll)^^, 

U( 9 , 3 ) such that is generated by the vectors 

(lollloooo)^^, (olollllll)^^ and 
(ollloool o}'*^^ , 

U(9,2} such that is generated by the vectors 

(loolollo o)^^ and (111111111) 
and 1 ^ 1 1 ] then G3 = [S^lS^jXG^ 

generates a [g ( 9 , 290 ) , 9 , 290 ] code . Deleting appropriate 
columns from vf \ and one gets Griesmer codes 

for 292 < d < 304 . 

Hence the following theorem is proved. 
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Theorem 4,4. If 273 ^ d ^ 304 then n(9,d) = g(9,d). 

IV. B. KNOWvl BOUNDS C3N n(9,d) FOR d < 256 

By Proposition 2.3, n(9,d) = g(9,d) for d < 256 
except for 3 < d < 126, 131 < d < 188 and 195 < d < 216. 

For each of those cases n(9,d) > g(9,d)+l. Table 4.1 
below oivos known bounds on n(9,d). The lower bound 
is obtained by showing nonexistence of certain codes, 
the Table 1 oi Verhoeff [44] or Proposition 2.8. Upper 
bounds are obtained by (i) Table I of Verhoeff [44] for 
3 _< d ^ 58 (d[n,k] > d implies n(k,d) _< n) ; (ii) Theorem 3.1 

of [16] for 131 < d < 188 and 195 < d < 216. The values of 
n(&,ci) are taken from [I4],[l6],[l7] and [27]. 


Table 4,1 


d 

u (y,d) 

n(9,d) 

d 

g(9,d) 

n(9,d) 

4 

13 

14 

22 

48 

50-52 

6 

17 

18 

24 

51 

53-55 

8 

20 

21 

26 

56 

58-60 

10 

25 

27 

28 

59 

61-63 

12 

28 

30 

30 

63 

65-67 

14 

32 

34-35 

32 

66 

69-70 

16 

35 

38-39 

34 

73 

74-77 

18 

41 

43-45 

36 

76 

77-80 

20 

44 

46-48 

38 

80 

82-85 



d 

g(9,d) 

n(9,d) 

40 

83 

85-87 

42 

88 

89-94 

/ 4 

91 

93-96 

46 

95 

97-100 

48 

98 

100-102 

50 

lu4 

106-109 

52 

107 

109-113 

54 

111 

113-116 

56 

114 

116-118 

58 

119 

121-126 

oO 

122 

> 124 

62 

12b 

> 129 

d4 

129 

> 132 

66 

137 

> 138 

68 

l/>0 

> 141 

70 

144 

> 145 

72 

147 

> 148 

74 

152 

> 153 

76 

155 

> 156 

78 

159 

> 161 


56 


d 

g(9,d) 

n(9,d) 

80 

162 

> 164 

82 

168 

> 169 

84 

171 

> 172 

86 

175 

2 177 

88 

178 

> 180 

90 

183 

2 185 

92 

186 

2 188 

94 

190 

2 192 

96 

193 

2 195 

98 

200 

2 202 

100 

203 

2 205 

102 

207 

> 209 

104 

210 

> 212 

106 

215 

2 217 

108 

218 

> 220 

110 

222 

> 224 

112 

225 

2 227 

114 

231 

> 233 

116 

234 

2 236 

118 

238 

> 240 



57 


d 

g ( , d ) 

n(9,d) 

12 V. 

241 

> 243 

122 

246 

> 248 

12‘> 

249 

> 251 

126 

253 

254 

132 

268 

269 

134 

272 

273 

136 

275 

276 

130 

280 

281-282 

140 

283 

284-285 

142 

287 

288-290 

144 

290 

291-292 

146 

296 

297-298 

148 

299 

300-301 

150 

303 ' 

304 

152 

306 

307 

154 

311 

312-314 

156 

314 

315-318 

158 

318 

319-321 

160 

321 

322-324 

162 

328 

329-331 

164 

331 

332-334 

166 

335 

336-337 


d 

g(9,d) 

n{9,d) 

168 

328 

339-341 

170 

343 

344-346 

172 

346 

347-349 

174 

350 

351-352 

176 

353 

354-355 

178 

359 

360-362 

180 

362 

363-365 

182 

366 

367-368 

184 

369 

370-371 

186 

374 

375 

188 

377 

378 

196 

395 

396 

198 

399 

400 

200 

402 

403 

202 

407 

408 

204 

410 

411 

2C6 

414 

415-416 

208 

417 

418-419 

210 

423 

424 

212 

426 

427 

214 

430 

431 

216 

433 

434 
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IV.C. UPPER BOUNDS ON n(9,d) FOR CERTAIN VALUES OF d 

Let C be a binary [n, k, d] maximal code with R(C) > R^ 
and generator matrix G. Then the matrix 


X 

1 1 .... 1 

G 

0 


generates an [n+d-R^, k+1, d] code where xeGF(q)’^ such that 
d(x,C) = R(C). This proves the following theorem. 

Theorem 4.5. If C is a binary [n, k, d] maximal code with 
R(C) > R^, then there exists an [n+d-R^, k+1, d] code. 

If G is a generator matrix for an [n, k, d] code with 
first Tovj having weight d then on deleting any i(<d) columns, 
which have a nonzero entry in the first row, one obtains an 
[n-i, k, d-i] code. This proves the following theorem. 

Theorem 4.6. Any [n, k, d] code gives an [n-i, k, d-i] 
code for i < d. 

Let C be the [128,8,64] Reed-Muller code. Then R(C} = 56[40 
Applying Theorems 4.5 and 4.6 to C one gets [136,9,64] , [134, 9,62 
and [132, 9, 60] codes. 

corollary 4.2. n(9,64) < 135, n(9,62) < 134 and n(9,50) < 132. 

If C is an [n = 128+n(7,d-64),8,d] code with 66 < d < 92, 
then Dodunekov and Manev [16] have shown that there exists a 
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generator matrix G for C of the form 

0 o , , , o 

1 

^2 

v/here Gj; generates the [l28,8,64] first order Reed-Muller 
code Cj and G 2 generates an [n(7,d-64], 7, d-64] code C 2 * 
Further if n (7, d-64) = n(8,d-64)-l, then C 2 can be chosen 
to have F-. (C,J = d-65 (Theorem 3.12). As C is a catenation 

4 

of and by Proposition 2.17, R(C) > R(C^) + 8 ( 82 ) = 
56+d-o5 = d-9. Therefore by Theorem 4.5 there exists an 
[n+y,9,d] code. This proves the following Theorem. 

Theorem 4.7. If n(8,d— 64) = n(7,d-64)+l, 64 < d £ 92 
then n(9,d) _< n(7,d-64) + 137. 

Corollary 4.3. n(9,66) < 145, n(9,68) < 149, n(9,70) < 153, 
n(9,72) < 156 , n{9,80) < 172, n(9,86) < 184 and n(9,88) < 187 

Proof. From tables of Tilborg [43] and of Dodunekov and 
itianev [I 6 ] it is easy to see that n(8,d-64) = n(7,d-64)+l 
for d = 66,68,70,72,80,86 and 88. Hence the assertion follows 

from Theorem 4.7. 

Theorem 4.8. n(9,100) £ 216. 

Proof. Let C be a [203,8,100] code with generator matrix G 



of the form 
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r 

0 

• 

• 

• 

0 

0 

0 0 • • • • 

^1 


0 

• 

• 

• 

« 

0 

0 





2 

^3 


r _ . 



where 02,62 generate [l28,8,64], [64,7,32] and [ll,6,4] 
codes Cj_,C 2 and respectively [I 6 ]. Since R(Cj^) = 56[40], 
11 ( 0 , 5 ) = 2 B[ 8 ] and can be chosen to have RCc^) = 3, by 
Prop) 0 !. 2 tion 2.17 

L(C) > R(C^) + R(C 2 ) + 8 ( 03 ) = 87. 

A [216,b,109] code can bo constructed from C using Theorem 4,5. 

The following upper bounds on n(9,d) for remaining values 
of d, 6U < d ^ 124 are obtained by applying Theorem 4.6 to 
[184,9,86], [ 172 , 9 , 80 ], [216, 9,100] and [254,9,126] codes. 


d Upper bound 

on n(9,d) 


74 

166 

76 

168 

78 

170 

82 

180 

84 

182 

90 

206 

92 

208 

94 

210 


Table 4.2 

d Upper bound 
on n(9,d) 


96 

212 

98 

214 

102 

230 

104 

232 

106 

234 

108 

236 

110 

238 


d Upper boun 

on n(9,d) 


112 

240 

114 

242 

116 

244 

118 

246 

120 

248 

122 

250 

124 

252 
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IV.D. NONEXISTENCE OF CERTAIN CODES 

An improvoment of the Griesmer bound for small distances 
was niven by Dodunokov and Manev (Proposition 2.9). In 
Cal' L 2 tho following theorem gives a further improvement. 

Theorem 4.9. If 3 < i < k-4, k > 9, then n(k,2^“^)> g (k ,2‘'"^)+3. 

Proof. rnf‘ atsertion is proved by induction, first on k 
for i =: 3 ana then on i. Let i = 3. If k = 9 then by 
Table 4.1 n(9,64) 2 9(9,64) +3. Let k > 9. If C is a 
[g(k,2‘'' '')+2,k,2*^ code, then res (0,2^“^) is a 
[g(h-l,2‘' j +2 ,k-l,2^ code, a contradiction to the 
induction hypothesis. Suppose i > 3 and that the statement 
is true fur i-1 and any k 2 9. For any k > 9, 
n(k-l,2^“^) = n(k-l,2^“^“^^"^^) 2 g (k-l,2^"^“^^-^h +3. 

Hence by Proposition 2.8 n(k,2*^’’^) 2 g(k,2^”^)+3 . If 

k = 0 , then i = 4 or b. By Table 4.1 n(9,32) 2 g(9,32)+3 

and n('*,l6) 2 g(9,16)+3. 


Another lower bound for n(k,d) for certain values of 
d is given by the following theorem. 

Theorem 4.10. Let d = . k > 10 . m > 0. Then n(k ,d )>s(k ,d ) 


For the proof of the above theorem one needs the 
following four lemmas. 

Lemma 4,1. n(9,24) 2 54. 
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Proof. Lupposo a [53,9,24] code C exists. Since 
53 — g(-*, 2 A)+^, by Proposition 2.4 there exists a generator 
matrix foi C with rows having weights 24,25 or 26. But there 
is no vector of weight 25 in C. For, if 0 then res (C, 25) 

is a [28,6,12] code which does not exist [l 6 ]. So possible 
nonzero weights in C are 24,32,34,36,40,44,48,50 and 52. Other 
A]^s are zero as the corresponding res(C,i) codes do not exist. 

A ^2 = if ^l’^2 ^ ^ wt(cj^) = 52 and 

wt(cr>) = 24, then it is easy to verify that wt(c,+c„) = 28 
or 30, a contradiction. 

If Cj^ and C 2 are two vectors in C of weight w then 
v.'t(c 2 +C 2 ) <_ 2(53~Vv). Thus if w 2 42, then wt(cj,+C 2 ) < 22. 
Therefore £ {0,ll for i 2 42. 

If A^^ = 1 then A 34 = A 3 ^ = A^q = A^^ = A^g = 0 . 

Let 02 , 02,03 e C , wtCc^) = 50 , wt(c 2 ) = wt(c 3 ) = 24 . 
Without loss of generality {w. .o.g) one can assume 
Ci, C 2 , C 3 have the following configuration . 


1 1 

I 1 1 0 0 

II ... loo... oil 
< — x-3 — 

21 


1 000 

0 111 

... loo... olll 
< — x+5 — > 


^1 

^2 

^3 


So wt ( 0 ^+ 02 + 03 ) = 2 x +2 and wt(c 2 +C 3 ) = 48-2x. This is not 
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possible f 01 any x as only possible nonzero weights in C 
are 2^*,32,5o. Hence A^q = 0. 

1'^ _< 1. For, if B2 2 2, then any generator matrix 
for C can bi.* put in one of the following forms 



But then C.-^ will generate a [50,8,24] code and G2 

will generate a [49,7,24] code, a contradiction [44]. MacWilliams 

equations for and B2 are 

(/..3) A.,.-+A32+A3^+A3^+A^q+A^4+A43 = 511 

~5A2/ + HA32+15A34+19A3^+27A4Q+35A44+43A4g = 53 
(4.5) -7A3, + .1 7 A32-i-:3A34-i-77A3^+169A40+293A44+449A43= 256B2-689 . 

if M43 ^ 0, then A4Q = 1, A33 = A44 = 0. A linear 
combination of (4.3) and (4.4) gives 4A32+bA34 640. 

to A / = 41c for some nonnegative integer k. Solving (4.3), 
(4.4) and (-^.5) simultaneously one gets 1408+8k - 25683 » 
a contra. iiction as <. !• So A^g - 0. 

if C has a codeword c^ of weight 44, then res(C,c^) 


IS a 


[9,8,2] code having a vector C2 of weight 4. 
(c];lc°)eC . By Proposition 2.11 


'2 ~ ^'- 2 * 2 


wt(c^+C2) = wt(c3)+2wt(c2)-- wt(c2) - 52 - wt(c2), 
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which ir not po siblo. Therefore A =0. 

44 

finally multiplying (4.3) by (-1/8), (4.4) by (-3/8), 
(•i. b) by il/a) and adding one gets 

^ ^^^40 = “256 + 648^ < -192, 

a contradiction. Hence n(9,24) > 54 = g(9,24)+3. 

Corollary 4.4. n(lU, 4 8)> 102 = g(l0,48) +3. 

Proof. ;f C is any [101,10,48] code, then res (C, 48) is a 
[53,8,24] code. 

Lemma 4.2. Let d 2\(m > 2) , 21t and let C.be an [njk.d] 
cock*. If C has a generator matrix with all rows having 
weight d and if res(C,d) has all weights devisible by 2®“’^, 
then vvt(c) = C (mod 2^) for all ceC. 

Proof. Let Cj,,C 2 sC, wt(c 2 ^) = wt(c 2 ) = d. W.l.o.g. one 
can assume that c^ and C 2 have the following configuration 

Cf = (1 1 ... 1 o o ... 0 ) 

''2 “ ^^2 

Since c^sresCCjd), 2'^~^lwt(c2) • Therefore 2^ ^ lwt(c-j^*C 2 ) 
and hence wt(cj^+C 2 ) is devisible by 2 ’^. 

Dodunekov [l3] has proved the nonexistence of a 
[116,9,56] code. An independent proof using the above lemma 
is given below. 
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Lemma 4.3. n(V,56) > 117. 

Proof. Lun>oso there exists a [116,9,56] code C. Since 
lib - g(9,5b)+2, by Proposition 2.4 C has a generator 
matrix with rov/s having weights 56,57 or 58. = 0. 

For, if / 0, then res (C, 57) is a [59,8,28] code which 

does not exist [16 ]. Similarly A^g = 0. Res (C, 56) is a 
[6(i,B,2S ] code. Since 60= g{8,28) +2, res(C,56) has a 
qcnerator matrix with rows having weights 28,29 or 30. 
hut it cannot have a vector of weight 29 as then 
1 es (res vC,56 ) ,2'') is a [31,7,14] code, which does not 
exist [43]. Therefore all weights in res (C, 56) are even 
and hence by Lemma 4.2 all weights in C are devisible by 
4. Thus poc sible nonzero weights in C are 56,64,68,80,96,112 
and 116. B,, = 0. For, if 0, then by Proposition 2.10 

there exir.tr, a [114,8,56] code, a contradiction as 
n{L.,h6) = 115 [14]. MacWilliams equations for B^, B^ and 

B/. are 

(4.6) A^^+Ag4+Agg+Ag^+Agg+A^12’^^116 " 

(4.7) -A55+3Ag4+5Agg+llAgQ+19A^g+27Aj_^2+2'5A;Ll6 "" 

(4.8) -25A^^+7Hg4+71Agg+455Ago+1415A9g+2887A^^2+2335A^^g = -33 

If Aj^j^g ^ 0, then A -|^26 “ As4 ” “^68 ^0 96 112 

I u {a A = 0, a contradiction. Similarly 

and hence (4./; gives cx ^ 

, . 1 A - h = = 0. Solving (4.6) 

if A ,, 2 0, then A-|_j ^2 “ ^68 “ ^0 ^96 
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and (4.7) simultaneously one gets = 382, = 128 } 

but these values do not satisfy (4.8). Therefore 

^116 " ^112 "" 

If C has a vector of weight %, then it is easy to 
verify that the [20,8,8] code c'^ = res (C, 96) has unique 
woigh.t distribution A° = 1» = 130» ^12 ~ 

- b. Let Cr^ = (^21^2^ C v/ith c^ e 0°. Then 
wt(c°)e {8,12,16] . Since wtCc^+c^) = wt (cj_)+2wt (c 2 )-wt (C 2 ) t 

possible choices for wt(c 2 ) for given value of wt(cp are 

wt(c2) 8 12 16 

wt(c2) 0 ^ 64 64 

Therefore ‘ ^0 " ° ^6 = Solving (4.6) apfl (4.7) 

one goto = 380, = 130, which do not satisfy (4.8). 

Ilencc - u‘. 

H lineal combination of (4.6), (4.7) and (4.8) 

(with = 0) gives 

48A^0 + 384AgQ = 5120. 

• 1-1 ^ -2 kRloO Hence a [116,9,56] code does 

This is impossible as 3 Hence a l » » 

not exist. 


Lemma 4,4. 

Proof. If n 
So one only 


n (10,60) > 126. 

(9,60) > 125 then by Proposition 2.8, n(10,60) 
needs to consider the case n(9,60) < 125. Let 


> 


12 ' 
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C be a [ 124,9,60] optiinum code. Proceeding on the same 
lines as in the proof of Lemma 4.3 it is easy to verify 
thut all weights in C are divisible by 4. Thus possible 
nonzero woiohts in C are 60,64,72,76,88,104,120 and 124. 

= 0. For if ^ 0, then by Proposition 2.10 there exists 
a [122,8,60] code. But n(8,60) > 123[27]. MacWilliams 
equations for L'^, and are 

(4.9) '■^6./%4'^^2'^'^76'^^88^^l04+^120'^\24 = 

(4.10) A^o+^^i-'''^^2^^'S6''^2W21Aj^04+29A^20+31A^24 = ^1 

(4.1,1 ) 27A^^+27A^^<-69A,72~^^^^6”^"^^^88"^'^^^^104"^^^2\20 

-3813A^24 = 3813. 

^^1*^4 ~ ^124 ^ ^ * then ^j_24 ~ ^72 ~ ^^6 ~ 

^81* “ ~ '^l^^O ~ ^ hence solving (4.9) and (4.10) one 

gets = 2bb, but these values do not satisfy (4.11). 

Vt'ith a siruilar reasoning Aj ^20 “ 

If ^ 0, then = 1, Agg = 0 and hence solving 

(4.9) and (4.11) one gets 

96A^2 + 

This is not possible as 3,|'8224. So Aj^q^ = 0. 

If Apg = 0 and A^^ = 0 then solving (4.9), (4.10) and 

(4.11) one gets A^^ = -41, a contradiction. So either 

Agg ^ O, or Agg = 0, A^g 0. If Agg 0 then C° = ree(C,88) 
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iG a L36,8,16J code for which b(8,16) > 2 (Table 4.1). 

Hencr- by CorMlary 3.2 RlC°) < 14. Permuting columns, if 
necr-:,r,a: y, any generator matrix for C can be put in the 
farm 

, G° is a generator matrix for C°. 

.0 by iroposition 2.18, R(C) < [ + r(C°) < 58. 

the olht ‘1 hand if Agg = 0, ^ 0, then 

ret(d,7t) ii. u [4b,h,22j code for which b(8,22) 2 2 
(Table •'.!}. Therefore by Corollary 3.2, R(c°) _< 20. 

Foliov.irn: the sanic pre ^edure as above one gets 

K(C) < L^J + h(c'^) _< 58. Thus in any case by Theorem 3.12, 

a [ 125,10, 60 j code does not exist. 

Proof of the Theorem 4.10, The assertion is proved using 
imiuction on m. If k = 10, then O _< ® 1 5. For m = 0, 1 
or 5, Table 4.1 and Proposition 2.8 give n (10,64-2^)29 (lO»04--2’^)+3 
If m = 2 or 4, then by Lemma 4.4 and Corollary 4.4 
n( 10,64-2^) 2 o (10,64-2'^) + 3. Finally for m = 3 , 

Proposition 2.8 and Lemma 4.3 give n(l0,56) 2 g(lO,56)+3. 

Take m > 0, k > 10 and suppose the statement is true for m-1, 
Let C be a [g (k,2^“''^-2’^)+2, k, -2"‘] code. Then res(C,d) 

is a [g(k-l, -2"'-^)+2, k-1, 2^"^ - 2”"“^] code, which 

does not exist by the assumption. 


< C 3 _> 1 


1 1...1 1 

0 0 . . . 0 

O 

i 

Q 

o 

1 
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Honoxistence of [195,9,96], [227,9,112] and [354,9,176] 
coder* are shown in the next three theorems. 

Theorem ^.11. n(9,96) 2 196, 

Proof. Suppose a [195,9,96] code C exists. Since 195 = 
g(9,%} + 1 , by Proposition 2.4 there exists a generator 
matrix for C with rows having weights 96 or 97, 

97 

For if A ^ ^ U then res (C, 97) is a [98,8,48] code which 
does not exist [l 6 ]. So possible nonzero weights in C 
arc 96,1^4,192 and 194. MacWilliams equations for 
and are 

(4.12) + A^g2 + ^194 = ^11 

(4.13) "^■'^95 + *^^’^-[44 1®‘^^]_92 **■ ^^^^194 ~ 195. 

for if Aj_q 4 ^ then Aj ^94 ~ 1 > ^144 “ ^192 ” ^ 

and hence (4.13) gives A^^ = -2/3, a contradiction . Similarly 
if / 0 , then A^g 2 = ^144 = ° hence (4.13) leads 

to a false statement. Solving (4,12) and (4,13) simultaneously 
one gets 4v3, A^,^^ = 18. Consider the [51,8,24] code 

C° = res (C, 144). It is easy to see that C° has the unique 

weight distribution given by A° = 1, A^^ = 204, = 51. 

Let Cj^,C 2 e C, with wt(cj^) = wt(c 2 ) = 144, Vi/.l.o.g. it can 
be assumed that Cj^ and C 2 have the following configuration 

1 1 1 0 ° ^1 

II...I 00 ... oll..»loo,, o C 2 

< — 48 ■> 
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But then C" hu£. a codeword of weight 48, a contradiction 
ar. A.,, - u. ihu5 C does not exist. 

'‘■t 

Theorem 4,12. n(9,112) > 228. 

Proof, ou; pose tiiere exists a [227,9,112j code C. Proceeding 
on the same lines as in the proof of Lemma 4.3 it is easy to 
verify that all weights in C are devisible by 4. So possible 
nonzero w-'lnhls in C are 112,128,176 and 224. MacWilliams 

equations f oj ‘h)»'''l 

(4.1-1) ^ii:'+'^1;'C.+Ai76+^224 ~ 

(4.1‘ ) -3A^^^+29A^^P+125Aj,^^+221A224 = 227 

(4.16) -1 . vA^^2+3o7A^28‘^'^^^9^176‘^^'^^°’^^24 "" “25651 + 5I2B2. 

If A,.,,^^ 4 - 0, then A224 = ^120 “ ^176 ~ ^ hence 

(4.14) nnu (-'.15) do not have a common solution, a contradiction 

So A,, 24 “ 

if Ajyj^^ ^ U, then A^-^^ = 1. Solving (4.14) and (4.15) 
c imultaneour ly one gets Aj^28 “ ^112 ~ "^59, but then 

(4.16) gives Br, = -2, a contradiction. Hence = 0. 

Solving (4.14), (4.15) and (4.16) for 62* one gets 
02 = -14, a contradiction. Therefore [227,9,112] code 
does not exist. 

Theorem 4.13. n(9,176) = 355. 

Proof. Suppose a [354,9,176] code C exists. Proceeding on 
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on 
t o 


iriO Scin'iC linos as in the proof of Lemma 4.3 it ig 
verify that possible nonzero weights in C are I75 


easy 

,192,224, 


CTi and 352. 

If C has a codeword c, of weight 352 and if r 

^ 2 

uny codeworci of weight 176 then permuting coordinates 
nvceofcry they must have the following configuration 

I 1 ......1 0 O Cj^ 

II ... loo... 000 c^ 


is 

if 


; ' <•; > : 

th. ■ 

(3 

tv. > 

n ( ' 


, if the Iasi two coordinates of C2 are 10,01 or n 
r: vvL(c^+c^^) - 178 or 180, a contradiction. Since c has 
enerator matrix in which every row has weight 176, last 
c din 'itos of C are identically zero and hence 
,176) < 352, n contradiction to Table 4.1. Hence A - 

.V.ar .. i I ’ i ‘iHir. equations for and B2 are 


0 . 


1-. . !7) 7o'^^^i02+^24'^^228 

» J. V } 92'*'^*^^^24'^^^^^28 ~ 177 

(4 .19) i75A^7^-273Aj^g2“4241A224-5025A228 = 62481-5 12 B 2 

If A228 ^ ^ ^28 ^28 - let 

c. r C w'ith v;t(cj^) = wt(c2) = 228. Permuting coordinates, 

if ne'ce'~sary it can be assumed that they have the following 

corj: r‘ i f I ui ati on 


1 1 1 o ° 

1 1 ... 1 0 o ... o 1 1 ••• 1 o 0 ••• ° 

<— X — > — > 


c 

c 


1 

2 
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Then = Tx and hence xe { 88,96,112,114} = A. 

Moreover if = (cjjc®), then c° is a vector in res(C,Cj^) 
of wf inht X. So res (res (C,c^),x) is a [l26-x,7,62-[^J] 
c:dc which coos not exist for any xeA[ 43 ]. Similarly 
^24 “ ^ linear combination of (4.17) and (4.18) 

oive ~ contradiction. Therefore A 223 = 0 . 

^04 “ if, A 224 5 ^ 0 , then as above A 224 = !• 

Snlvinn (*‘.17), (4.18) and (4.19) one gets B 2 = -9, a 
c an trudic tion . 

Thus = 0 for i _> 224 and the equations (4.17), 
(4.1s) and ( 4 , 19 ) give 82 = -15, a contradiction. So 
n (9,17b) > 355. By Table 4.1, n (9,176) < 355. Therefore 
n(9,176) = 355. 
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OPTIMUM CODES OF DIMENSION 3 AND 4 OVER GF(4) 

In [12] Dodunekov has shovm that codes of dimension 
1 and 2 meet the Griesmer bound. He also showed that a code 
of dimension 3 need not meet the Griesmer bound. The values of 
n4(3,d) and bounds on n4(4,d) are derived in this chapter 
by proving some general results. 

V.A. GENERAL RESULTS 

Let C be an [n, k, d] code and let xe C with wt(x) = w. 
If w < d + [w/q] then res(C,x) is an [n-w, k-1, d^] , 
d^ 2 d-w + [w/q] code. So n-w > k-1 or w < n-k+1. This 
observation is useful in determining v/eight distribution 
of certain codes (Theorem 5.3) and is listed below as a 
lemma. 

Lemma 5.1. If C is an [n, k, d] code having a vector of 
weight w, w < d + [w/q] then w _< n-k+1. 

Proposition 2.8, proved by Dodunekov and Manev [I6] 
can be generalized for codes over GF(q). 

Theorem 5.1. Let d ^ q^ and let n (k,d) _> g (k,d)+t, for 
some positive integer t. Then n (k+l,d) > g (k+l,d)+t . 

M M 

Proof. For d _< q^ , g (k+l,d) = g (k,d)+l. Hence 
n (k+l,d) 2 n (k,d)+l > g (k,d)+t+l = g (k+l,d)+t. 

H M M M 
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A relation between codes over GFCp"^) and codes over 
GF(p®), s a divisor of m , is given by the following theorem. 

Theorem 5 . 2 . Let C be an [n, k, d] code over GF(p°^) and 
let s be a positive divisor of m. Then there exists an 
[n(p'®-l)/(p^-l), tk, (p®)^“^d ] code over GF(p^) , t = m/s. 

Proof. Let n' = (p'^-l)/(p^-l ) , Note that n' is the length 
of the Simplex code S^(p®) and t is the dimension of the 
vector space GFCp”^) over the field GF(p^). Let { aj^,a2, . . ,a:^} 
be a basis for GF(p”^) and let be the rows of 

a generator matrix of S^(p®)„ Then the linear mapping f 
from. GFCp’'^) into GFCp®)"^ satisfying = Pj_ is an 

isomorphism. Mapping each codeword (x-|^,X2» • • . e C to 
(f (xj^),f (X2),... ,f (Xj^)) one gets an [n (p”®-!)/ {p®-l) , tk, (p® )^” 
code over GF(p® ) . 

The above theorem proves useful in (i) showing 
nonexistence of certain codes over GFCp”^) (ii) the constructioi 
of codes over GF(p^). This will be demonstrated in 
Sections V.C, V.D. 

V.B. DETERMINATION OF n 4 ( 3 ,d) 

Let C be an [n^ ( 3 ,d) , 3 ,d ] code over GF( 4 ). By ( 2 . 11 ) 
and (2.12) it is easy to see that C meets the Griesmer bound 
for all d except for d = 7 and 8. The follov^ing theorem shows 
that 04(3,7) > g4(3,7). 
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Theorem 5.3. There does not exist a [l0,3,7] code over 
GF(4). 

Proof. Suppose there exists a [l0,3,7j code C over GF(4). 
Then = 1 and = 0, By Lemma 5.1 = 0. So 

possible nonzero weights in C are 7,8 and 10, MacWilliams 
equations [38] for and are 

Ay + A0 + Aj^q = 63 and SA^ + ^^8 ~ 
respectively. Let Cj^ and C2 be any two codewords of 
weight 10. Then c^^ and C2 are linearly dependent. For, if 
they are linearly independent, then by Lemma 2.13 (i) of [29] 
wt(c2^) + wt(c2) £ 19, a contradiction. Therefore if A^^q ^ 0 
then Aj^q = 3 and hence Aj = Aq = 30, but then the MacWilliams 
equation for B2 gives B2 = -15/4 , a contradiction. So 
Aio = 0 and one gets A^ = 24, Ag = 39 and B2 = -6, a 
contradiction. 

Corollary 5.1. n^(3,7) = 11 and n^(3,8) = 12. 

Proof. By Proposition 2.14 and Theorem 5.3, n^(3,8) > 12. 

Let C be a [l5,6,8] code over GF(4) [lO]. Since 15 = g^(6,8) 
by Theorem 5.1, n^(3,8) < g^(3,8)+l = 12 and hence 04(3,8) = 
Deleting any coordinate of a [l2,3,8] code over GF(4), one 
gets an [ll,3,7] code over GF(4). So < 11. Hence 

by Theorem 5.3 04(3,7) = 11, 
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V.C. BOUNDS ON 114 ( 4 , 01 ) 

Theorem 5.4. If k 2 4 and de { 4^~^-l,4^“^,2.4^"^-5,2.4*^“^-4, 
3 . 4 ^-^- 5 , 3 . 4 ^" 2-4 } then n 4 (k,d) > g 4 (k,d). 

Proof. In view of Proposition 2.14 one neeas to prove the 
inequality ’n^Ckjd; > g 4 (k,d)‘ for d = 4^"^-l,2.4^“^-5, and 
3.4^~^--5 only. Let a = 4^ ^-1 and let C be a [g^Ckjd) ,k,d] 
code over UF(4). By Theorem 5.2 there exists a [2^^”^-l,2k,2^^“''^ 
code C' over GF(2). But a binary code with these parameters do^ 
not exif l as n ( 2 k , 2 ^^"’^- 2 ) = 2^^"^-2 and n(k, 2 ^“^- 2 )> g(k, 2 ‘^"^-:S 
for k 2 (Proposition 2.9). 

If d = 2.4^"^-5 and if C is a [g 4 (k,d), k, d] code over 

r 9k — 1 2 k — 2 1 

GF(4) then by Tneorem 5.2 there exists a [2 -17, 2k, 2 -lOJ 

2 k — 2 

binary code O’ and hence res(C’,2 -10) is a 

[ ctl2k-l,2‘ - 5) +1, 2 k -1, 2 ^^”^ -5] code which does not 

2 k — 2 

exii'l for k 2 ^ Lemma 4.2]. Also res (O’, 2 —10) code 

does not exist for k = 4 as n(7,27) = g(7,27) + 2 [43]. 

Finally, if d = 3.4^"'"^-5 and if C is a [g^ (k,d) ,k,d] 

9 k— 9 2 k— 3 T 

code over GF(4) then there exists a [3.2 -18, 2k, 3. 2 — lOJ 

binary code C’. But a binary code with these parameters does 

not exist as g(2k,3.2^^ ^-lU) = 3.2 -18 and 

n(k,3.2*^-3-lO i g{k,3.2‘‘-3-10) +1 for k > 8 (Piopooitior. 2.3) 

Theorem 5.5. If d e { 3,4,7,8,15,16,43,44} or if 25 < d < 32 

then n 4 ( 4 ,d) > g 4 ( 4 ,d). 

Proof. If d e { 3,4,7,8,15,16,43,44 } then the inequality 

Proposition 2.13 (for d = 3,4)» 


n 4 ( 4 ,d) > g 4 ( 4 ,d) follows using 
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Corollary 5.1, Theorem 5.1 (for d = 7,8) and Theorem 5.4 
(for d = 15,16,43,44). If a [94 (4,d),4,dj code C over GF(4) 
exists for 25 1 d < 28 (29 < d < 32) then res(C,d) is a [lO,3,7 
([11,3,8]) code, a contradiction. 

Putting q = 4 and k = 4 in Proposition 2.12 one gets the 
following theorem. 

Theorem 5.6. n4(4,d) = g4(4,d) for 45 < d < 48, 57 d < 64, 

93 i d < 96, 105 < d < 112, 117 < d < 128, 141 < d < 144, 

157 ^ d < 160, 173 < d < 192, 201 < d < 208 and d > 213. 
Moreover if the equality 'n4(4,d) = g4(4,d)' holds for 
d = 33+t^, 0 < < 7 (d = 9+t2, 0 < t2 < 15) then it also 

holds for d = 161+t^(l37+t2). 

Since codes of dimension 2 meet the Griesmer bound, there 
exists a [g^^ (2,d) ,2,d] code over GF(4). Hence by Theorem 5.2 
one gets the following result. 

Theorem 5.7. There exists a [5g2^ (2,d) ,4,4d] code over GF(4). 
Corollary 5.2. If 49 _< d _< 56 or 113 ^ d _< 116, then 
n4(4,d) = g4(4,d). Moreover n4(4,d) = g4(4,d)+l for d = 43,44, 
Proof. If d = 52,56 or 116 then 5gj^^(2,d/4) = g4(4,d). Thus 
by Proposition 2.14, n4(4,d) = g^(4,d) for 49 £ d _< 56 and 
113 ^ d ^ 116. Moreover 5gj^^(2,ll) = g^(4,44)+l. Deleting any 
coordinate of a [g4(4,44)+l,4,44] code over GF(4) one gets a 
[94 (4,43)+1,4,43] code over GF(4), 

Table 5.1 belovj gives the lower and upper bounds on n4(4,( 
for remaining values of d. The lower bounds are obtained by 
applying (2.2) and Theorem 5.5, while the upper bounds are obta 
using Theorem 5.7, 



Table 5.1 


d 

n4(4,d) 

3 

7-9 

4 

8-10 

5 

9-12 

6 

10-13 

7 

12-14 

8 

13-15 

9 

14-17 

10 

15-18 

11 

16-19 

12 

17-20 

13 

19-22 

14 

20-23 

15 

22-24 

16 

23-25 

17 

25-27 

18 

26-28 

19 

27-29 

20 

28-30 

21 

30-32 

22 

31-33 

23 

32-34 

24 

33-35 

25 

35-37 

26 

36-38 

27 

38-39 

28 

39-40 

29 

41-42 

30 

42-43 

31 

43-44 

32 

44-45 

33 

46-47 

34 

47-48 

35 

48-49 

36 

49-50 

37 

51-52 

38 

52-53 

39 

53-54 

40 

54-55 

41 

56-57 

42 

57-58 

65 

89-92 

66 

90-93 


d 

1^4 (4, d) 

67 

91-94 

68 

92-95 

69 

94-97 

70 

95-98 

71 

96-99 

72 

97-100 

73 

99-102 

74 

100-103 

75 

101-104 

76 

102-105 

77 

104-107 

78 

105-108 

79 

106-109 

80 

107-110 

81 

110-112 

82 

111-113 

83 

112-114 

84 

113-115 

85 

115-117 

86 

116-118 

87 

117-119 

88 

118-120 

89 

120-122 

90 

121-123 

91 

122-124 

92 

123-125 

97 

131-132 

98 

132-133 

99 

133-134 

100 

134-135 

101 

136-137 

102 

137-138 

103 

138-139 

104 

139-140 

129 

174-177 

130 

175-178 

131 

176-179 

132 

177-180 

133 

179-182 

134 

180-183 

135 

181-184 


d 

n4(4,d) 

136 

182-185 

137 

184-187 

138 

185-188 

139 

186-189 

140 

187-190 

145 

195-197 

146 

196-198 

147 

197-199 

148 

198-200 

149 

200-202 

150 

201-203 

151 

202-204 

152 

203-205 

153 

205-207 

154 

206-208 

155 

207-209 

156 

208-210 

161 

216-217 

162 

217-218 

163 

218-219 

164 

219-220 

165 

221-222 

166 

222-223 

167 

223-224 

168 

224-225 

169 

226-227 

170 

227-228 

171 

228-229 

172 

229-230 

193 

259-262 

194 

260-263 

195 

261-264 

1% 

262-265 

197 

264-267 

198 

265-268 

199 

266-269 

200 

267-270 

209 

280-282 

210 

281-283 

211 

282-284 

212 

283-285 
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V.D, SOME IMPROVEMENTS IN TABLE 5,1 

loooolll 
oloololl 
oolollol 
ooollllo 

generates an [8,4,4] code over GF(4). By deleting any 
column of G one gets a [7,4,3] code over GF(4). Thus 

Theorem 5.8. n4(4,3) = 7 and n^(4,4) = 8. 

Theorem 5.9. n4(4,5) = 9-10, n4(4,6) = 10-11, n4(4,7) = 12 
and n4(4,8) =13. 

Proof. Let C be a [l5,6,8] code over GF(4) [lO]. By 
Table 5.1 13 n4(4.8) _< 15 and by Theorem 5.1 n4(4,8) _< 13. 

Hence n4(4,8) = 13. By successively deleting a coordinate 
of a [13,4,8] code over GF(4) one gets [12,4,7], [11,4,6] 
and [10,4,5] codes over GF(4). 

If C is a [51,8,24] code, then Dodunekov and Manev [I6] 
have shown that C has a generator matrix G whose columns with 
numbers { i,i+17,i+34} add upto zero for 1 < 1 ^ 17. Let 
Gj^ be the matrix obtained from G by permuting columns so 
that its columns with numbers { 3i-2,3i-l,3i} add up- 
to zero for 1 ^ i ^ 17. Any three columns of Gj^ with numbers 
i 3i-2,3i-l,3i} ; 1 _< i 17 have the rows ooo,oll,lol or 

llo. If (0 is a primitive element of GF(4), replacing 000 


The 4x8 matrix 

G = 
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by o,oll by l,lol by wand llo by in Gj^, one gets a 
[17,4,12] code C over GF(4), By successively deleting 
a coordinate of C', the following theorem is obtained. 

Theorem 5.10, n^(4,12-j) = 17-j for 0 _< j _< 3. 

Applying the above procedure to the 8x60 binary matrix 

000000000 
000000000 
loloooooo 
olloooooo 
ooololooo 
oooollooo 
oooooolol 
oooooooll 

where G is as defined in the proof of Theorem 5.10, one 
1 

gets a [20,4,13] code over GF(4). Thus 
Theorem 5.11. n4(4,13) < 20. 

Theorem 5.12. n4(4,16-j) < 24-j, 0 < j < 2. 

Proof. ^2(4) is a [21,3,16] code over GF(4). By Theorem 3.27 
8(82^4)) = 13+t, t 2 So there exists xeGF(4)^^ with 
d(x,S 2(4 )) = 13 +t and the matrix 



generates a [24,4,16] code C over GF(4). By successively 
deleting coordinates of C one gets [24-j ,4, 16-j ] codes over 
GF(4) for 0 < j < 2. 
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Using Theorems 5.6 and 5.10, existence of certain 
Griesmer codes over GF(4) is proved. 

Theorem 5.13. If 137 ^ d _< 140 then any Ln^ (4,d) ,4,d] 
code over GF(4) is a Griesmer code. 

Successively deleting coordinates of a [g^ (4, 137) ,4, 137 ] 
code over GF(4) one gets the following result. 

Theorem 5.14. (i) If 133 ^ d j< 136, then n^(4,d)^ g^(4,d)+l. 
(ii) If 129 ^ d _< 132, then n^(4,d) < g^(4,d)+2. 

A summary of new bounds derived in Theorems 5.8-5.14 


is given by the following table. 


Table 5.2 


d 

3 

4 

5 

6 

7 

8 
9 

10 


n^(4,d) 

d 

n4(4,d) 

d 

04(4,6) 

7 

12 

17 

133 

179-180 

8 

13 

19-20 

134 

180-181 

9-10 

14 

20-22 

135 

181-182 

10-11 

15 

22-23 

136 

182-183 

12 

16 

23-24 

137 

184 

13 

129 

174-176 

138 

185 

14 

130 

175-177 

139 

186 

15 

131 

176-178 

140 

187 

16 

132 

177-179 
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